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* Frequency Response
 Bode Plot
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Introduction

In sinusoidal circuit analysis, we learnt how to find voltages and
currents in a circuit with a constant frequency source.

However, if the amplitude of the sinusoidal source remain constant and
the frequency is varied then one can obtain the circuit’s frequency
response.

The frequency response may be regarded as a complete description of
the sinusoidal steady-state behavior of a circuit as a function of
frequency.

The sinusoidal steady-state frequency responses of circuits are of
significance in many applications, especially in communications and
control systems.

A specific application is in electric filters that block out or eliminate
signals with unwanted frequencies and pass signals of the desired
frequencies.

Filters are used in radio, TV, and telephone systems to separate one
broadcast frequency from another.
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Transfer Function

 The transfer function (also called the network function) is a useful
analytical tool for finding the frequency response of a circuit.
* Itisrepresented by H(w).

« Circuit’s frequency response is essentially the plot of H(w) when w
varies between 0 and oo.

Y(o) It is the frequency-dependent ratio of
H(w) =
[ (w) X(o) <:I a phasor ogtput Y(w) to a phasor
input X(w).

* Since the input and output can be either voltage or current at any place
in the circuit, there are four possible transfer functions:

‘F ){ ) J ¢ - . I(J{. w }
H(w) = Voltage cain = j H(w) = Current gaimn = )
o V() - I;(w)
"? ) {r) ) . . I(){ m}
H{ U}) — Trul-]ﬁl‘{_‘fr II]]PCLh“]CL—: — ‘ { ) H{ {FJ} — Tl‘lll'].‘-&lf.‘l‘ AL]I]]IHE] ncec —

Ii(w) Vi(w)



e nJ

=]

1]

~J
&

. &
Sign Res®

1P, ECE215

Transfer Function (contd.)
* Being a complex quantity, H(w) has a magnitude H(w) and a phase ¢.
* The transfer function of a circuit can be obtained by first converting it

to frequency-domain equivalent by replacing resistors, inductors, and
capacitors with their impedances R, jwL and '/ .

 One can then use any circuit technique(s) to obtain the appropriate
expressions.

e Canbe N(o) /The roots of N(w) are called the zeros )
simplified to: H(w) = m and are usgal!y represented as jw =
Z1yZ9y wen un Similarly, the roots of D(w)
\ /' are the poles and are represented as

\_ JW = D1, P2y cee orne )

A zero is a value that results in a zero value of the function. A pole is a
value for which the function is infinite.

To avoid complex algebra, it is expedient to replace temporarily jw with
s when working with H(w) and replace s with jw at the end.
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Example -1

Find the transfer function % and the N
S

corresponding frequency response of 0 _ (1)

this RC circuit. Assume, v, = V,,,coswt.

The frequency-

. . the
domain equivalent .
function \Y

of the circuit: H(w) = —2 1 /jwC |
V. R+ 1/joC 1+ joRC

—1 W

¢ = —tan
\/’jr l + ((UX(U(})‘_ wp

1 .
where wy = 2C For plotting H and ¢ for 0 < w <
oo, we need values at some critical points.
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Example — 1 (contd.
®/my H b ®/my H b

0 1 0 10 0.1 —84°

1 0.71 —45° 20 0.05 —87°

2 0.45 —63° 100 0.01 —89°

3 0.32 —72° % 0 —90°

—450 |-
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Example — 2 R

Find the transfer function % and the N
S

corresponding frequency response of o, L 7,

this RL circuit. Assume, v, = V,,,coswt. -

H A ¢
| prmmmmmmmmmmmm oo 0()°
0.707 |---
i 45° |--3
: r
0 w
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Example - 3 C
|
Find the transfer function % and the i
S
corresponding frequency response of vi(D) @) R < v,
this RC circuit. Assume, wg = R_lc'

Example -4

: .V : _
Find the transfer function V—O of the following circuits.
l

C
L o |
o—TIN + !

< +0

V.

i

+
V; — C R

1 o

c~

o |
Ol

o |
Ol

(a) (b)



Sign ReS

1{]p, ECE215 C)

Decibel Scale

* It is not always easy to get a quick plot of the magnitude and phase of

the transfer function.
A more systematic way of obtaining the frequency response is to use

Bode plots (based on logarithms).

I, I,
* The bel is used to measure o—= —
the ratio of two levels of ’ N
power or power gain G: v, Ko Network R, § v,
_ _ P2 -
G = number of bels = log4, P, -
Pl PZ
 The decibel (dB) provides us with a unit c » P,
of less magnitude. It is 1/10% of a bel: aB — 0910P—1

For P, = P;, the gain is 0dB. If P, = 2P, then gain = 3dB
while for P, = 0.5P;the gain is -3dB
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Decibel Scale (contd.)

* |nterms of voltage or current ratio:

V2 I
Gag = 20logqg— Gag = 20logio—
V1 I
We use 10log.y for power and 20log,y for voltage or current,
because of the square relationship between them.
The dB value is a logarithmic measurement of the ratio of one variable
to another of the same type. Therefore, it can only be applied when
the transfer function H is expressed as ratio of same quantities.
It is important to note that so far we only used voltage and current
magnitudes in above equations. Negative signs and angles will be can

also be handled independently.

With this in mind, we can apply the concepts of logarithms
and decibels to construct Bode plots.
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Example -5

Calculate |H(w)| if Hg equals: () 0.05dB (b) —6.2dB (c) 104.7 dB

Example — 6
Determine the magnitude (in dB) and the phase (in degrees) of H{w) at w =1
if H(w) equals:

(@) 0.05 (b)125 ()2 (q)—>_ 4

2+jw 1+jw = 2+jw
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Bode Plot

 Obtaining the frequency response from the transfer function is
extremely tedious as the frequency range required in frequency
response is often so wide that it is inconvenient to use a linear scale for
the frequency axis.

 Furthermore, there is a more systematic way of locating the important
features of the magnitude and phase plots of the transfer function using
semilogarithmic plots known as Bode Plot.

* In the Bode Plot, the magnitude in decibels is plotted against the
logarithm of the frequency; on a separate plot, the phase in degrees is
plotted against the logarithm of the frequency.

 Bode plots contain the same information as the non logarithmic but are
much easier to construct.

»H =H/} = He'? B hnH=nhH+he?=mnH + j

the real part is a function of the magnitude while the »
imaginary part is the phase. .
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Bode Plot (contd.)

* In a Bode plot, magnitude is plotted in decibels (dB) vs frequency while
the phase is plotted in degrees vs frequency on a semilog scale.

* A generic transfer function:
K(jo)™ (1 + jo/z)[l + j2{ 10/ + (jo/w)’]

H(w) = . — . /
( (1 + jo/p)ll + j20w/w, + (jo/w,) ]

This generic formulation may include up to seven types of
different factors that can appear in various combinations.

A gain K
A pole (jw) ™! or zero (jw) at the origin
A simple pole 1/( oy ) or zero (1 + ]w/zl)

A quadratic pole 1/[ chzw (Jw)z] or zero [1 +J'2Z1w n (g)zl

WEk WEk

wn
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Bode Plot (contd.)

* The Bode plot is constructed by plotting each factor separately and
then by subsequent addition.

Constant term: For K, the magnitude is 20log, K and the phase angle is 0°

H A

20 10g10K (’-b A

-

0.1 1 10 100 w 0.1 1 10 100 w

For negative K, the magnitude remains 20log,(|K| but the
phase angle is +180°
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Bode Plot (contd.)

Pole/zero at the origin: For the zero (jw) at the origin, the magnitude is
20log10(w) and the phase is 90°.

* slope of the magnitude plot is 20dB/decade, while the phase is
constant with frequency.

H A ¢ A
20 frmmmrmm e / 90°
0 | | >
0.1 1.0 10 )
20 F= 0° L 1 | >
Slope =20 dB/decade 0.1 1.0 10 )

The Bode plots for the pole (jw) ™! are similar except that the slope of
the magnitude plot is -20dB/decade while the phase is —90°. In
general, for (jw)" where N is an integer, the magnitude plot will have
a slope of 20N dB/decade, while the phase is 90N degrees.
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Bode Plot (contd.)

Simple pole/zero: (1 +](")/Z1 ;
as w —

Hag = 201ogo |

= 20l0g10 as w — @

* It shows that we can approximate the magnitude as zero (a straight line
with zero slope) for small values of w and by a straight line with slope 20

dB/decade for large values of w.
* The frequency w = z; where the two asymptotic lines meet is called the
corner frequency or break frequency.

(0, w=0
)

¢ = tan_l(—> =45, w =z

{1
\900, W —> ©
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Bode Plot (contd.) the approximate plot is close
to the actual plot except at
Approximate the break frequency (w = z4),
20 frmmmmm e where the deviation is
20log 0|1l +j1| =
20logs0|V2| = 3dB.

H A

- AN : >
0.121 Zl 3 dB IOZ] w
b A As a  straight-line
Q0° |- mmmmmmmm e approximation we let:
Exact ~ (° f < Z1
~Approximate ¢ = orw = 10
R . 45°/decade 1 ¢ = 45° forw = Z1
| @ = 90° forw = 10z,
Oo : L > . .
01z, N 07, o the straight-line plot has a

slope of 45° per decade.
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Bode Plot (contd.)
e The Bode plots for the pole 1/(1+].w/ ) are similar except that the
P1

corner frequency is at w = p;, the magnitude has a slope of -20
dB/decade and the phase has a slope of —45° per decade.
HIH = =20 10‘3”}

25-‘-[{) +[U' .
1_ |+ 1522 +(*’—>
{U” {U”

1/l1+jzzzw+(jw)2]% as w—0

wn wn

\ Hyg = —20 logo |l +j (ﬁu)
J o

Clearly, the amplitude plot consists of two straight asymptotic lines: one
with zero slope for w < w,, and the other with slope —40 dB/decade for
w > w, With w, as the corner frequency.

Quadratic pole/zero:

— —40 lC‘!gH} -

n

as w —> »
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Bode Plot (contd.)

H A
20 gz =8'85
2 =Y.
é’z =04 k
0 w Apparently, the actual plot
(= 0.707/-»\ depends on the damping
~20 H=1 factor (,as well
\Kﬂr() dB/dec
—40 S

0.0lw, 0.lw, w, 10w, 100w, o

 For precise frequency response, the significant peaking in the
neighborhood of the corner frequency should be added to the straight-
line approximation.

* However, for generic analysis the straight-line approximation is
sufficient.
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Bode Plot (contd.)

Quadratic pole/zero:

(
0, =20
1 : .2 o —1 2g2w/wn - o o
[1+12<zw+(1w) ] m) ¢ = —tan 55 =93 907, o= w,
“n “n 1 - w /w.‘? O
L —180°, w— x
b A
07 The phase plotis a
straight line with a slope
_00° of —90° per decade
starting at (‘1)—(’)1 and ending
180° at 10w,
0.0lw, 0.lw, w, 10w, 10w,

 For the quadratic zero, the magnitude and phase plots are inverted
because the magnitude plot has a slope of 40 dB/decade while the
phase plot has a slope of 90° per decade .
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Bode Plot (contd.)

Factor Magnitude Phase
20log;n K
K
OO
= ’/ >
w w
20N dB/decade 90N®
(je)™
1 ’ »
N R N
1 1 w w
(j)™
—20N dB/decade —OQON°
9ON°

20N dB/decade

ra
R 7
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Bode Plot (contd.)

|

Y

I w 0° :U
(1 + jo/p)" x
-20N dB/decade OON®
180ON®°
40N dB/decade
2w w\ |V
wﬂ, w?’i
> OO 1 | >
“n @ W, 0, 10w,
10
wk w't
> 10 Wi 10w,
w l I I >
| 0° w
[+ 2jwl/wx + (jo/w)]"
—40N dB/decade

—180N°
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Bode Plot (contd.)

* not every transfer function has all seven factors.

* To sketch the Bode plots for a generic function H(w), we first record the
corner frequencies on the semilog graph paper, and sketch the factors
one at a time as discussed.

* Then combine additively the graphs of the factors.

e The combined graph is usually drawn from left to right, changing the
slopes appropriately each time a corner frequency is encountered.

Example -7
10

(1+ jo)(10+ jo)

A ladder network has a voltage gain of H(w) =

Sketch the Bode plots for the gain.



