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10% if you write “I don’t know” for any (sub)question; with a cap of total 8 marks.
You will get F straight-away at most D (revised policy) if you score less than 20.

Answer Q1 to Q4 on the question-paper itself.

Q1 [5+1+4=10 points] An independent set in a graph is a subset of the vertices with no edges be-
tween them. The nodes (1,3,5,10,7,13) form an independent set of size 6 in the tree below; however,
(1,3,5,10,7,13,6) is not an independent set due to the edge between 6 and 13.

Consider the following function : MaxIS(v) is defined as the size of the largest independent set in
the subtree rooted at v.

(a) Fill these values:
v 15 8 7 2 4

MaxIS(v) =

(b) Now consider an arbitrary tree.

1. Suppose v is a leaf-node. Write the value:
MaxIS(v) =

2. Suppose v is not a leaf-node. Write a re-
cursive formula (feel free to use child(node)
to get the list of children of a node):
MaxIS(v) =

Q2 [4+6=10 points] Assume that n is a power of 2 for this question.
(a) Let ⟨a0 . . . an−1⟩ denote the coefficients of a degree-(n − 1) polynomial A(x). Fill in the blanks

to give us an algorithm that runs in O(n log n) time and returns the discrete Fourier transform of A(x).

de f DFT (A : ⟨a0 . . . an−1⟩ ) :
i f n=1: re turn ⟨a0⟩
e l s e :

⟨yeven0 , . . . yevenn/2−1⟩ ← DFT (⟨a0, a2, . . . an−2⟩)
⟨yodd0 , . . . yoddn/2−1⟩ ← DFT (⟨a1, a3, . . . an−1⟩)
f o r k=0 to n−1:

yk =

return ⟨y0, . . . yn−1⟩
(b) Next, let Y = DFTn(A) denote the discrete Fourier transform of a polynomial A(x). Fill the

blanks below to design an algorithm that runs in O(n log n) time and returns the coefficients of A(x).

de f IDFT (Y : ⟨y0 . . . yn−1⟩ ) :
i f n=1: re turn ⟨y0⟩
e l s e :

⟨aeven0 , . . . aevenn/2−1⟩ ← IDFT (⟨y0, y2, . . . yn−2⟩)
⟨aodd0 , . . . aoddn/2−1⟩ ← IDFT (⟨y1, y3, . . . yn−1⟩)
f o r k=0 to n−1:

ak =

return ⟨a0, . . . an−1⟩



Q3 [6+4=10 points] Suppose we are interested in finding out the optimal edit sequence from X =
GRAD1234 to Y = GRAD56.

(a) Fill the table below in which the entry in the i-th column and j-row represents some number h
such that there is an optimal edit sequence from X[1 . . . i] to Y [1 . . . j] which can be divided into two
optimal edit sequences: one from GRAD to Y [1 . . . h] and another from ALGO to Y [h + 1 . . . 6] (this
was the definition for the Half(i, j) function used in class).
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(b) Give recursive expressions to compute T (m,n) and S(m,n) that denote the running time and
the space complexity of the edit-sequence dynamic programming algorithm using Hirshberg’s space
optimization. Then, write the solutions of those recurrences (no need to show derivation). Here, m
denotes the size of the source string, and n denotes the size of target string, and if needed, you can
assume that m < n.
T (m,n) =

S(m,n) =

Q4 [5 points] Consider the following algorithm.

de f Sort (A[0 . . . n-1] ) :
i f n=2 and A[0] > A[1]

swap (A[0]↔ A[1])
e l s e i f n > 2 :

m = ⌊ 2n3 ⌋
Sort (A[0 . . .m-1])
Sort (A[n-m . . . n-1])
Sort (A[0 . . .m-1])

(a) State if this algorithm correctly sorts any array with distinct elements in increasing order.

(b) If the answer to the above is “yes”, then write the recurrence for its time-complexity, and its
solution. If the answer is “no”, present a counter-example array A of at most 6 elements, and trace the
execution of this algorithm on A (basically, show all recursive calls and the state of the array when they
return).



Write the answers to these questions in the answer booklet.

Q5 [15 points] Let G be a directed graph, where every vertex v has an associated height h(v), and for
every edge u → v we have the inequality h(u) > h(v). Assume all heights are distinct. The span of a
path from u to v is the height difference h(u)− h(v).

Describe and analyze an algorithm using dynamic pro-
gramming to find the maximum span of a path in G with
at most k edges. Your input consists of the graph G, the ver-
tex heights h(·), and the integer k. Report the running time
as a function of n (number of nodes), m (number of edges),
and k. Do not write a pseudocode, instead answer using
the format explained in class. Note that only the maximum
span, an integer, has to be returned.

For example, given the following labeled graph and the integer k = 3 as input, your algorithm should
return the integer 8, which is the span of the downward path 9→ 6→ 5→ 1.

Q6 [15 points] An element x in an array A (in which elements may be occurring multiple times) is
said to be a semi-majority if its frequency in A is greater than |A|/3. Observe that not every array
would have a semi-majority element, and that there may more than one such element. Design a divide-
and-conquer algorithm to return any semi-majority of an input array A, or return null if there is no
such element. Write its pseudocode, add enough comments or a separate explanation to make it clear,
and then derive its time-complexity. An O(n log n) algorithm is required for full-credit; however, a slow
but correct approach will fetch more marks than a fast but incorrect approach.

Q7 [15 points] A zigzag walk in a directed graph G is a sequence of vertices (not necessarily distinct)
connected by edges in G, but the edges alternately point forward and backward along the sequence.
Specifically, the first edge points forward, the second edge points backward, and so on. An example of a
zigzag walk in the graph above is 9, 6, 7, 5, 7, 4, 5, 1, 2. The length of a zigzag walk is the number edges,
both forward and backward.

Suppose you are given a directed unweighted graph G, along with two vertices s and t. Design
a graph-reduction based approach to find the shortest zigzag walk from s to t in G. Do not write
a pseudocode, instead, (a) first describe the vertices and edge of another graph H, (b) then, explain
what problem will you solve on H and what algorithm will you choose (a problem is difference from an
algorithm), and (c) finally, analyse the complexity of your approach in terms of m and n, the number
of edges and vertices of G, respectively (the complexity should include the time to construct H and the
complexity of the algorithm on H).


