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313 L is decidable iff L is string—order enumerable.
Shotr o g Aomevgl,

<= Level 1: Sv\ppose E enumerates L n fle s-ermg order. yor dichmany
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313 L is decidable £ L s string—order enumerable.
=> Level 1: Sv\ppose M decides L.

We will construct enumerator E wiicl, enumerates L in the string ord.
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Closuve Pmpe\r%y: Union

* T L1 and L2 ave decidable, then L1 U L2 is decidable.

. - | doy L2 ok Moo
Level 1: Proof by construction. M1 OQUM - / MZ Mu %?L/Vgﬁi L, ULy

Level 2: L1 1s decidable => M1 decide L1. Similarly, let MZ decide LZ.
Construct M 4o decide L = LT U LZ
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Clam: I x is L, M Accep-B X.

Qlaim: IL x is not i L, M rejects x.



Closure Property: Union (solution)

* T4 L1 and L2 ave decidable, tLen L1 U L2 is decidable.

L1 1s decidable => M1 decide L1 Swmilarly, led M2 decide L2
Construct M 4o decide L = LT U LZ
M on 'mpr X:
1. Runs M7 on x. Since M1 is a decider, M1 must Lald on all nput.
2. T¢f M1 accepts X, M accepts x. Oferwise, continue.
3. Runs MZ on x. Since M2 is 4 decider, MZ must Lalf on all inpud.
4. Tf MZ accepts x, M accepts x. Otterwise, M rejects x.
Clam: M Lalts on all mput. (Prood: by consfruction of M)
Clam: I x s L, M accepts x. (Proof: x in L => x i L1 or x in L2,
TL x L'[, M1 ACCeP-[-S x. So M ACCeP-{-S ¥ (i line 2>.
IL x s not wn LT 4en x must be wn L2, then M2 accepts x and so does M (in tne 4).)
Clam: Tf x s wot m L M re}echs x. (ProoL: x is mot i L =) x wot n LT and ¥ not m L2

[Use similar Argument As Above.] M will continue n line Z and rejeC% n line L(.)



Closure Property: Union

x I’F L1 and LZ ave evw\W\erAb\e, then L1 U LZ is enumerable.
* T£ L1 and L2 ave vecognizable, then LT U L2 is vecognizable.

Make use of 2-{ape TMs fo run fwo TMs in parallel.

Exercise: COW\P\Q-FQ construction and Proo—(:.
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Closure Properiies

A Decidable lAnguages are Closed under mtersection.
x Recoy\}zab\e lAnguages are Closed under mtersection.

X Eaumerable l[aAnguages ave closed under infersection.

x Recoy\}zab\e l[Anguages are Closed under Concatenation.
A Decidable lAnguages are Closed under concatenation.

A Eaumerable lAnguages are Closed under concatenation.

x Decidable vagw\ges ave Closed under Comp\emew+-

A ReCO9v\]zab\e l[Anguages are wot (prooJF requives newer technigues, (ater).



S DA

A-DFEA = {(B,MD . B s a DFA a4 ACCQP'{»S 5-{»r}v\9 w}

Tim: A-DFA is decidable.
Proo{:
Level=1 = Proof by constructing 4 TM 444 decides A-DFEA
Level-2 = Construct 3-4ape T™M M-A-DFA {14t on input w does following:
MEAEDEA (B, wy) -
0. M vejecqts £ mput is not of form <encoding of DFA, mput on DFA Alply.
1. M copies w {o second 1ape and writes 940 of DFA on 3rd {ape.
2. M stard simulating DFEA witi, second Lead on first symbol of inpud.
3. In eacl, step, M scans its input fape (= pov+]0n> and finds the next
state and updates i on 3rd tape. T4 wmoves fLe second Lead o vighd.
4. When second Lead reaches blank, M checks if fuird tape contains a
state wiich is listed w fhe accept states of DFA. I yes, M accepds
otlerwise M rejects.



A-NFA = { (B,W> . NFA B ACCepts W $

M\~ b~ W{'\ (L b1\/37> v

0 .. -
L st ootk matied  fo ¢ praoniek o D Dt
| (my- LAy | ot v
S O\QLQ/Q@@ >
2 R M’%;D‘;P\CLLDLV\)?w
Bore MABCYRE o e deciden (o R-DFA.
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Suppose L is a vegular (anguage. Therefore, there exists a DEA o recognize L

Construct ML o decide L using DFA.D
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E-DFA = { <A : Ais DFA and LIA)={3 3

M-E-DFA KAY) :

0. IV\PM+ val da\-[» on. M?: i WQJ\@M /@m \\/\/\((\E\j W

KTO‘LW \P\LW M wﬁm&g M
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ALL-DFA = { AY : Ais a DFA and L(A} = evevy-PL\]vxg }

M-ALL-DFA KAY) :
0. IV\pW(’ validation.
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Proof of correctness:

LEVEL-1: We will prove a4
(0\> M-ALL-DFA Always halts
b) ITf M-ALL-DFA accepts w then w is n ALL-DFA
(€) If w is in ALL-DFA fuen M-ALL-DFA accepts w



EQ-DFA = { <CD»

Lo L) ke LN ;;ﬁ

CD are DFAs & L(C)=L(D) §

M"EQ"DFA ((C,D>> :

0. Inpm+ validation. ,// = / \\ = \\\
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A = KA LA)={3 3

Anotler Proo-(: Lor: E-Dr

MEAY):
1. Construct DFA E wiic

L does not accept anything. Tncorrect prood.

2. Run M-EQ-DFAKAD). Wiy <!
3. M accepts ff M-EQ-DFA accepis.



