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Lossless Transmission Line

* For alossless transmission line: [V(Z) =V0+e_jﬂZ +Vo_ejﬂh
[,B = W LC]

* Similarly the current phasor for a lossless line can be described:

) Vo ! L L L |
@)= - |7 O =\P
Z Z, \o B wJLC C

Q: Z, and 8 are determined from L, C, and w. How do we find V, ™ and V,~?
A: Apply Boundary Conditions!

(Every transmission line has 2
“boundaries”:

1) At one end of the transmission line.
\Z) At the other end of the trans line! y

Typically, there is a source
at one end of the line, and
a load at the other.
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Terminated Lossless Transmission Line
* Now let’s attach something to our transmission line. Consider a lossless
line, length [, terminated with a load Z;.

Reflection

Characteristic Coeffic L
Zin Impedance Clﬁ/ oeftficient at Loa

Input S S
Impedance
to the Line @ Z
T T \ Load

| Impedance
z=2-1 =1

Q: What is the current and voltage at each and every point on the
transmission line (i.e., what is I(z) and V(z) for all points z where z; — [ <

z < Zj.
A: To find out, we must apply boundary conditions!
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Terminated Lossless Transmission Line (contd.)

* The loadis assumed at z = z, [(z) — o — I
 The voltage wave couples into
the lineatz =z, - |

°
/\ (
V(Z)ﬂ Jﬂ} &/ emZ\ Z =Tz| - | zT:Z| Z

Inudent Wave Reflected Wave

2) —s Ve "
Zo Ve’  _

At the Ioad:[ V(z=2)=V'(z=12)+V (z=12) :Vo+e—jﬂz| +V0_ejﬂz' ]

V'(z=z) V (z=2) V., _ V. 5
b(zzz'): 2-2) V@ .)ZZoem._Z_oem]
0 0 0 0

* Furthermore, the load voltage and [V _ 7 I]
current must be related by Ohm’s law: _TLL
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Terminated Lossless Transmission Line (contd.)

* Most importantly, recognize that the g [(z = Zz)_>. — 1,
values I(z = z;),V(z=2z) and I, V} + 4
are not independent, but in fact are Z, V(z=1z) I, 7
strictly related by Kirchoff’s Laws! _ _ -
¢

[@=2)=1] V(=2)=V] z:?z|-l = ‘

So now we have the boundary conditions for this particular problem.

Careful! Different transmission line problems lead to different
boundary conditions—you must assess each problem individually

and independently!

* Combining these equations and
boundary conditions, we find that:

E/+(Z =7)+V (z=12)=

[V(Z =7)=V, =2/l =2, 1(z=12)
Zo
Z,

(V+(Z =7)-V (z= Z|))




R

Indraprastha Institute of ECE321/521

Information Technology Delhi

Terminated Lossless Transmission Line (contd.)
Vi(z=1z) _ L, -7

* Rearranging, we can conclude: — Va
+ —
N|Vi(z=2z) Z +Z, \
Voltage Reflection Coefficient I'(z = z;) also holds true for current wave
but with opposite sign

This value is of fundamental importance for the terminated transmission
line problem, so we provide it with its own special symbol (I};)!

(7 — o | r
ro =V+(Z_ZI) ,-\ /l ’
Vi(z=12) . _Z, -2, R
Y7, +Z, |

- -nlpbz
More useful representation as Voe
it involves known T T

circuit/system quantities

z2=2 -1 Z
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“Terminated Lossless Transmission Line (contd.)

[Q: I’'m confused! Just what are

we I 6 and I(z) when a
trying to accomplish in this handout? S/ = transmission

A: We are trying to find V(z)

£
)?i. h‘

 We can express the reflected voltage wave as:

r Vi(z=17) V,e""
" Vi(z=17) V/je

| m—

- _ +~—12p2
V, =1V, e’

* Therefore: V_(Z)=(Fovo+e‘12ﬂzl)e+iﬂz s \

lossless

IS

terminated by a load Z;!

V(2) =V (@) +V () =Vy [ e + (D 17 et

\

V*(2)-V (2) :V0+

(|(2)=

Z,

Z,

|:e—jﬁz _ (Foe—jzﬁz. )e+mz ]

N\

J
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Terminated Lossless Transmission Line (contd.)
* Simplify by arbitrarily assigning the end point a zero value (i.e., z; = 0)

| V(z=0)=V"(z=0)+V (z=0)=V e ¥ +V e O =y 1V, |

I(Z:O):M Z(Z=0)=V(Z:0):Zo V0++Vo: -7,
Z 1(z=0) Vo —Vo

* The current and voltage along the line in this case are:
B/(z) =V, |e V4T e ]] [(z) = [e & Foe”ﬂz]]
O

Q: But, how do we determine V, " ??
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Special Termination Conditions

/(2) ey |1

: : Z, ® ®
* Let us once again consider a —> —>
gen.erlc TL terminated in V(z) — Zo Z,
arbitrary impedance Z; * *
Z =-I z=0
* It's interesting to note that Z, enforces a boundary V(2)

condition that explicitly determines neither V(z) nor Z(2)=——+

I(z) —but completely specifies line impedance Z(z)! 1(2)

—> + N

Zi | .

=1 Vi) ZL V(z) V'eVH(L+T e @)

I Z(Z) +A+ P2
1(2) Ve (1_Foe—j(2ﬂ2))
Z : - \ 7 : 0 \ Zn W,
Z(2)
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Special Termination Conditions (contd.)
e 7 + T o™ Z. cos(Bz)— jZ,sin(fz
‘ Z(2)=2, T o =Z,t (p2) 15,5 (fz)
o€ Z,c08(fz)— JZ, sin(fz)

« Likewise, the load boundary condition leaves V*(z) and V7 (2)
undetermined, but completely determines reflection coefficient function

I'(z)!
[ ( )_ ( ) Foe+j2ﬂz _ Z|_ _Zo e+12ﬂzJ
V*(2) Z 4,

Let’s look at some specific values of load impedance Z;,= R; + jX;
and see what functions Z(z) and I'(z) result!
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Special Termination Conditions (contd.)

« 7, =Z, 4wm Matched Line ‘ the load impedance equals the
characteristic impedance of the TL

means no reflected
wave V(z)

reflection coefficient
is zero at all points
along the line

The impedance at position z: [Z(Z) =Z, ]_ The line impedance equals Z,
-> matched condition
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Special Termination Conditions (contd.)

« Z; =0 4= Short-Circuited Line ‘ {A device with no load is}
called short circuit
R =0 X =0 T,

Short-circuit entails setting

¢ ) | this impedance to zero
é
ZO < ZL :O
L _0-2,
¢ S 0+2Z,
| z=0

Alternativel
[Z(Z) :_jZO tan(ﬂz)] I y> [Z(Z) :_jzo tan (2;2-2)]

Note that this impedance is purely reactive. This means that the current and
voltage on the transmission line will be everywhere 90 out of phase.
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Special Termination Conditions (contd.)

 Short-Circuited Line
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* The current and voltage along the TL is:

[V (2)=V, [ e - |=—j2v; sin(,b’z)] [l (2) =

V

22;; cos(,Bz)]

* Finally, the reflection coefficient function is:

Vs _VO+ +jpz 252 -
[F(z)=v+8= VJ:W =€ ﬂJ- IT(2)| =1 *[‘v (z)‘:

In other words, the magnitude of each wave on the transmission line
is the same—the reflected wave is just as big as the incident wave!

V()]

* Short-Circuited Line: [ Z(-1)=jz,tan(Al) ]
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Special Termination Conditions (contd.)

* Short-Circuited Line [ Z(-1) = jz,tan(pl) ]
S : :
A Z i i | It can be observed:
. | | « At -l=0, the impedance is zero
: : : (short-circuit condition)
| | | o . .
inductive ! . I * Increase in -l leads to inductive
: : : behavior
4 oV : : > * At -I=)/4, the impedance equals
/2 37/2 57212 P infinity (open-circuit condition)
capacitive : : : * Further increase in -l leads to
! . . capacitive behavior
: : : At -I=1/2, the impedance becomes
v Voo : : zero (short-circuit condition)
| | | | T > « The entire periodic sequence
0 Y P 50 ¢ repeats for -I>)/2 and so on...
4 2 4 4

HW#1: Demonstrate this behavior using ADS
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Example -1

For a short-circuited TL of | = 10 cm, compute the magnitude of the input
impedance when the frequency is swept from f =1 GHz to 4 GHz. Assume the
line parameters L =209.4 nH/m and C=119.5 pF/m.

Solution:

HW #1

Z,=+L/C =./(209.4*0.1)/ (119.5*0.5) = 41.86Q

V. = L L =1.99*10°m/s

"~ JLC  /(209.4%0.1)*(119.5%0.5) = 41.8602

Z(z=-l)=jZ,tan(pl) = jZ,tan EI
Vv

Set | = 10 cm and then write a MATLAB program to obtain the Z,, curve
Compare the MATLAB results to that obtained from ADS simulation
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Special Termination Conditions (contd.)

load is called open-circuit
R =0 X =1

1_10 . . .
Open-circuit entails

® setting this impedance
to infinite

o
2= -
ZO @ _ZL_ZO 1
¥ °Z,+Z,
|

7 = -|

[Z(—I) =—]Z,cot(pfl) ]

Alternatively

Again note that this impedance is purely reactive. current and voltage on
the transmission line are 90" out of phase.
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Special Termination Conditions (contd.)
 Open-Circuited Line

* The current and voltage along the TL is:
. _ VAVARE
[ V(z) =V, e+ | = 2V, cos(B2) J 1(2) =~} 5
0

* Attheload, z = 0, therefore: |,V ®_ %" _ [ 1(0)=0 ]

V*(2) VoeJ

As expected, the current is zero at the end of the transmission line (i.e. the
current through the open). Likewise, the voltage at the end of the line (i.e., the
voltage across the open) is at a maximum!

* Finally, the reflection coefficient function is:

V_ V0+ g 251 - +
F(Z):wg;:vggiﬂz =/ - T(2)| =1 »[\v (2)| =V (z)H

In other words, the magnitude of each wave on the transmission line
is the same—the reflected wave is just as big as the incident wave!
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Special Termination Conditions (contd.)

 Open-Circuited Line _
(2(-1) =z, cot(a)

T
1 ! ! ! It can be observed:
! ! : At -|=0, the impedance is infinite
inductive : : ! (open-circuit condition)
: : ! * Increase in -l leads to capacitive
1 0 ! ! : R behavior
i o 3 yi; At -l = M4,_the_ impec_ia}nce equals
capacitive i : : zero (short-circuit condition)
! ! ! * Further increase in -l leads to
: ! ! inductive behavior
! ! ! ! * At -I=M2, the impedance becomes
| | | | o ‘ infinite (open-circuit condition)
| | | ' L - « The entire periodic sequence
0 % % % A % { repeats for -1 >A/2 and so on...

HW#1: Demonstrate this behavior using ADS



Information Technology Delhi

R

Indraprastha Institute of ECE321/521

Transmission Line Input Impedance
Q: Just what do you mean by input impedance?

A: The input impedance is simply the line V(z=-1)
impedance seen at the beginning (z=-1) |(Z, =Z(z=-I)=
of the transmission line, i.e.: 1(z=-1)

Note Z;,, equal to neither the load impedance Z; nor the characteristic *
impedance Z,!

{Zin * 2/ Zin iZO]

* We know the line impedance of a Z, cos(Bz) — jZ,sin(Bz)
ossless TL loaded with an |£(2)=Z, T

. . . Z,c0s(pz) - JZ, sin(fSz)

arbitrary load impedance is:

(The input impedance can be radically
[different from load impedance (Z;) and
_ You should commit it to memory )
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Transmission Line Input Impedance — Special Cases

1. length of the line is | = m(\/2)

g Z, +]Z,tan 2/;[/21 )
L. =2(2=112)=1, =7,
: 2w A
Z,+ )Z, tan P
N\ J

* For a transmission line of half wavelength long the input impedance equals
the load impedance irrespective of the characteristic impedance of the line

* |t means it is possible to design a circuit segment where the transmission
line’s characteristic impedance plays no role (obviously the length of line
segment has to equal half wavelength at the operating frequency)

Ln =40 > b Ly Z
® ®

| = 2/2
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Transmission Line Input Impedance — Special Cases (contd.)
2. length of the lineis | = A/4 or A/4 + m(A\/2)

4 )
Z +JZ,tan Z;fj 72
Z.=Z2(1=414)=12, = 20
: 2r A\ Z

Lo+ )Z tan| —.— -

\ A 4)

This result implies that a transmission line segment can be used to

synthesize matching of any desired real input impedance (Z) to the
specified real load impedance (Z))

Z, =Given

(This is known as)

>

|

|

o

Z.. = Desired :

quarter-wave
impedance
\ transformer y

In

— & Z,=.7,Z
|
l\

Al4
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Transmission Line Input Impedance — Special Cases (contd.)
2. length of the lineis | = A/4 or A/4 + m(A\/2)

[Z B Z_j ]- [input impedance of a quarter-wave line is inversely J

Z, proportional to the load impedance
-  Think about what this means! Say the 72 72
: : . _ %0 _ %0 _
load impedance is a short circuit then: n=T ST 0 = 0
L

.. =2 I This is an open circuit ! The quarter wave TL transforms a
short-circuit into open-circuit and vice-versa

Lin = > B, Z, Z,=0
® ®

| =4/4
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Example — 2

* Consider a load resistance R; = 100 to be matched to a 500 line with a
quarter-wave transformer. Find the characteristic impedance of the
matching section and plot the magnitude of the reflection coefficient

versus normalized frequency, f/fo, where f, is the frequency at which the
line is A/4 long.

* the necessary characteristic impedance is:
=J2,Z. ‘[ JZ,Z,, =~/50x100 = 70. 71ng

* The reflection coefficient magnitude is given as

Z,-2,
Ll=lz. 52,
0 in

< | Z;,, is dependent on frequency
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Example — 2 (contd.)

Z,+ jZ, tan gl
A
A 4 Vp 4f0 Zfo

For higher frequencies the matching section looks electrically
longer, and for lower frequencies it looks shorter.

Plot the magnitude of the reflection coefficient
vVersus f/fo using these two equations

IHW#1
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Transmission Line Input Impedance — Special Cases (contd.)

impedance of the transmission line (a real value).

7 _7 Zy,+ JZ,tan(pl) _7
"z 4 jZ tan(pl)

e Z,=2, {==== | theloadis numerically equal to the characteristic ]

In other words, if the load impedance (Z,) is equal to the TL characteristic
impedance (Z,), the input impedance (Z,, ) likewise will be equal to
characteristic impedance (Z,) of the TL irrespective of its length

[ @
Zin = ZO > ﬂ, ZO |f‘:| ZL:ZO
@

* Z, = jX {=althe load is purely reactive (i.e., the resistive component is zero)

Z —Z(z=-1)=Z jXL+jZOtan(,BI):jZ X, +Z,tan(pl) ‘ Purely
' T Z,-X tan(pl) T Z,- X tan(Bl) Reactive
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Transmission Line Input Impedance — Special Cases (contd.)

In other words, if the load impedance (Z,) is purely reactive then the input
impedance likewise will be purely reactive irrespective of the line length ()

Zin = jXL> ﬂ, ZO | ZL:jXL

Note that the opposite is not true: even if the load is purely resistive (Z, = R), the
input impedance will be complex (both resistive and reactive components).

e |<<A = [ the transmission line is electrically small ]

with respect to signal

e If length [ is small
pl =
wavelength A then:

2”|:27[|z0] e Therefore:|cos(fl) =1
A A Sin(Al) =0

* Thus the input 7 _7 Z, cos(Bl)+ jZ,sin(pBl) ~ Z )+ )Z,(0) 7

impedance is: | ™" %7 cos(Al) + jZ, sin(Al) -0 Z,(D)+ jZ,(0) 0
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Transmission Line Input Impedance — Special Cases (contd.)
R
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" In other words, if the transmission line length is much smaller than a
wavelength, the input impedance Z;,, will always be equal to the load
impedance Z;. D

\_

(This is the assumption we used in all previous circuits courses (e.g., Linear\
Circuits, Digital Circuits, Integrated Electronics, Analog Circuit Design etc.)!
In those courses, we assumed that the signal frequency w is relatively low,

N such that the signal wavelength A is very large (A > [). y

 Note also for this case (the electrically short transmission line), the
voltage and current at each end of the transmission line are

approximately the same!

[V(z:—l)zV(z:O)] [I(z:—l)zl(z:O)]

If | < A, our “wire” behaves exactly as it did in Linear Circuits course!
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Example -3
Determine the input impedance of the following circuit:

!

:\)
N
=
Ul
N
.
o

Z=1+]2

|=1/2 1=1/4 |=11/8

How about the following solution?
2 . - j3*(2+1+j2)
" i3+ (2+1+ j2)

27-j2.1

Where are the contributions of
the TL??

N
I
:\)
Z=1+)2
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Example — 3 (contd.)

* Let us define Z, as the input impedance of the last section as:

o 000

N Then the impedance Z, is:
+ -
L, > L,=20 — 21:ZOZL+!ZOtan(,Bd)
g Zy+ )2, tan(fd)
——y | N
= 2
=418 Where: ,Bd——7Z st T
A 8 4
Therefore:

le2((1+ j2)+ j2tan(z / 4)

L[ 1+ )4
2+j(1+j2)tan(7z/4)j m— 2,=2 )

J

.Z,=8-j2]
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Example — 3 (contd.) I
The problem simplifies to: 5 Series

AR
Z, =7 7,-10 =y %15 - ?c'll
=412 =414 \

Simplification of
the problem
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Example — 3 (contd.)
* Now let us define the input impedance of the middle TL as Z;:

9 —— o Thisis a quarter-wave TL - one of the

N special cases we considered earlier -
Z, Z,=15 S where the input impedance is:
Iy 22
P—)———— N 7 %o
=114 [ 3 ZJ
(1.5)°

Therefore: Z,= 10_ j2 —> [ Z,=0.21+ j0.043]

* Then the problem simplifies to:

Z,=0.21 + j0.043

Parallel Combinati

Z,=0.22 +j0.028
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Example — 3 (contd.)
* Finally the simplified problem is:

Z :> Z,=1.0 Z,=0.22 +j0.028

|=1/2

TL is a half wavelength - special case we
discussed earlier - input impedance
equals the load impedance

.2, =2,=0.22+ j0.028]
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Example — 4
For the following circuit determine: Va Vb Vb
Va+ Va+ Va+
V() V@) V(@) V, (2)
LI «— — > «—
® o
B Z, Zy/2 B Zo Z,/2
< | =1/4 >
o @ T
z = -l 7 |: 0
Given:

V(2) =V, (2)+V. (z) =V, e yv e Forz<-l

V(2)=V, (2)+V, (2) :Vb+e‘jﬁZ _|_Vb‘e+mZ For-1<z<0
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Example — 4 (contd.)

e We can write current equations as:
+ — + -
Va(2) Voa(@) Vo i Va grise Forz<-l

1(z) = 2 —
(@ Z, Z, Zy Z,
I (Z) :Vb+(z) _Vb_(z) :Vb+ e—jﬂz _\£e+jﬂ2 For _I <7< O
e Atz=-I: %o %o % %
l.(z=-1)— > 1, (2=-1)
ll KVL gives:
+ R+ V. (z=-1)=V,(z=-I)
.2y va=nPvz=1) FZ ’
. KCL gives:
Zy2
| (z=-D=1(z=-1)+1,
Z=-

V.(z=-1) V,(z=-1) 2V,(z=-1)
Z,12 Z, Z,

Ohm’s Law gives: |, =
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Example — 4 (contd.)
o Atz=-I:
{Va(z =)=V, (z=-1)+V, (z=-1) =V, e "V +V e D =v eV +Va‘e“'ﬂ']

Az
4 2

It is given: I:% ) Sl = 77[

(Va2 =) =V, e v e 1 < (v -y, )

4 Vy(z=-1)=j(Vy -Vy)

(VI +V~

Similarly: l.(z=-I1)=} ""Z+ 2
0

AV +V

L, (z=-1)=j| 2——

o L
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Example — 4 (contd.)

e Now let us revisit the expressions achieved from KVL, KCL and Ohm’s Law

% V,(z=-1)=V,(z=-1) ﬂOhm’sLaw

e TERRVAN
(Vv iy SN (z=-1) 2§V V)
=10 )=i0 %) =TT
! .1_Va_ :Vb+ Vi i | NV, (z=-I) Zj(vb+ _Vb_)
:\ ARA Va+;: R Z - Z
.................... \_ 0 o )

KCL

) |,(z=-1)=1,(z=-1)+I;
—V+ V., =V, +V, -]l .Z,
V) +V, | (V)4 * ’ J
=3 =) =5 |tk

% % Ve g% V!
VYTV
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Example — 4 (contd.)

e Atz=0: Ib(Z:O) ||_
o
+ +
b, £, V.(z=0) V.| |Z,2
|
_ . =
z=0 )
[\/b(z —0) =V 'e O py - 0 _y- yy- ] KVL: V. (2=0)=V,
: . F——— KCL: 1.(z=0)=1
Eb(z =0) :\;ieiﬂm) \;b +iB(0) _ Vo = —Vp ] Ohrme Lo Ib A _L2VL
0 0 0 ms Law: L ZO /2 ZO
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Example — 4 (contd.)

Atz =0: Voo
?ZZO/Z Z,

Vb+ _Vb_
[: l,(z=0) =zoJ £V, (2=0) =V, +V; ]
\ ]

simplify Vo -V _ Z(Vb +Vb_)
ZO ZO

————————————

Indraprastha Institute of ECE321/521

You can also achieve this result by
writing the expression for
reflection coefficient
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Example — 4 (contd.)

Let us bring all the three simplified equations together

I _ 4 - { - + - |l H
i1 Ve Ve Vo 1y Ya g% Vb V= Ly
EVARRVERRVERS IAVERRSVERRVARS | 37°
(1) (2) (3)

V. 4V~
Simplification of (1) and (3) results in: —V—i = 5\/—b+ (4)

V. 10V'
Simplification of (2) and (3) results in: 1+V‘3‘+ =33 Vb+ (5)

Simplify all of these to obtain the values of
V. V.’ V,

a
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Example — 4 (contd.)

Let us now summarize the fruits of our effort

-

V., 3 V' 3

a — b ——
V. 7 Vo 7




