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* Boundary Conditions (contd.)
* Electrostatic Boundary Value Problems
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Example — 1: Boundary Conditions

 Two slabs of dissimilar dielectric material share a common boundary, as
shown below. The respective electric field is also shown.

y
£, = 65 Eu(f)=E, 4, +E 4, )

—_—

g, = 380 E2(T)=23.X +6ay

In each dielectric region, let’s determine (in terms of €,):

(1) the electric field, (2) the electric flux density, (3) the bound volume
charge density (i.e., the equivalent polarization charge density) within the
dielectric, and (4) the bound surface charge density (i.e., the equivalent
polarization charge density) at the dielectric interface
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Example — 1 (contd.)

 Since we already know the electric field in the second region, let’s
evaluate region 2 first.
 We can easily determine the electric flux density within the region:

D2(F) = &,E2(T) ‘ Dz (F) =3z, (Zéx * Géy)

[ D2 (T) = 65,4, +18¢,4, ]

* Likewise, the polarization vector within the region is:

52(F) = golezﬁz(r) ‘ EZ(T) =& (5r2 _1)(2éx + Gé'y)

= Pa(l)=5,(3-1)(24,+64)) D | -Po(7)=ded, +1254,
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Example — 1 (contd.)

Q: Why did we determine the polarization vector? It is not one of the
guantities this problem asked for!

A: True! But the problem did ask for the equivalent bound charge densities
(both volume and surface) within the dielectricc We need to know

polarization vector 13(7’) to find this bound charge!

* Recall the bound volume charge density is: [pvp (1) :—V.ﬁ(r)]

 and the bound surface charge density is: [psp(r) :5(?).:3[”]

* Since the polarization vector 13(7’) is a constant (i.e., it has precisely the
same magnitude and direction at every point within region 2), we find

that the divergence of ﬁ(f) is zero, and thus the volume bound charge
density is zero within the region:

Prp2(T) ==V.P2(T) ) £, (1) =V (468, +126,4, ) ey [-‘-pvpz(f)=0]
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Example — 1 (contd.)

However, we find that the surface bound charge density is not zero!
Note that the unit vector normal to the surface of the bottom dielectric

slab is a,,=a,, :
Tan=ay y [
X

Since the polarization vector is constant, we know that its value at the
dielectric interface is likewise equal to 4egya, + 12g,a,. Thus, the
equivalent polarization (i.e., bound) surface charge density on the top of
region 2 (at the dielectric interface) is:

Por(B)=Po(T) 4, WP Py (F)= (44, +12608, ) 4, q[ pspz(Fb):12go}
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Example — 1 (contd.)

Now, let’s determine these same quantities for region 1 (i.e., the top
dielectric slab).

Q1: How the heck can we do this? We don’t know anything about the
fields in region 1!

Al: True! We don’t know El(f) or Bl(f) or even 131(7’). However, we
know the next best thing—we know Ez(f) and 52(7’) and even ﬁz(f)!

Q2: Huh!?!

A2: We can use boundary conditions to transfer our solutions from
region 2 into region 1!



Information Technology Delhi

1D

Indraprastha Institute of
b ECE230

Example — 1 (contd.)

* First, we note that at the dielectric interface, the vector components of

the electric fields tangential to the interface are E,(7,) = E,.d, and
E, (r,) =2a4a,:

—_— E‘)lt(fb) — Elxax y
—— £ (7,) = 24, ‘ .

* Thus, applying the boundary condition Elt(fb) = EZt(fb), we find:

E,& =24, =) [ E, = 2]
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Example — 1 (contd.)

* Likewise, we note that at the dielectric interface, the vector components
of the electric fields normal to the interface are E,,(7,) = E,,d, and

E,.(T,) = 64,
A= N
Eln(rb) — Elyay y
A -
E,,(r,) = 64, X
* Here, we can apply a second boundary condition, ¢,E (7,) = &,E, (7,):

6¢,*E, a, =3¢,*64, — E,a, =34, _ - B, =3

* Thus, the electric field in the top region is:

Ei(F)=E 4 + E,4, e [ Ei(F) =24, + Béy]
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e We can then find the electric flux density by multiplying by the
permittivity of region 1 (¢, = 6¢,).

Di(F)=£,Eu(f)  np [-.Bl(r)zlzgoax+1850ay]

* Note we could have solved this problem another way!
* Instead of applying boundary conditions to Ez(f), we could have applied
them to electric flux density ﬁz(f):

D2 () = 6,8, +18¢,8,

 We know that the electric flux density within region 1 must be constant,
l.e.:

1x™X 1y™=y

[Bl(r):D a +D a]
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Example — 1 (contd.)

* The vector fields 51(1’) and 52(7’) at the interface are related by the
boundary conditions:

Du(F;) _ Da(R)
&1 &)

Bln (rb) = 52n (rb)

* After simplification, we find that the electric flux density in region 1 is:

[Bl(r) =12¢,8, +1Sgoéy] 4= Precisely the same result
as before!

* We can then find the electric field in region 1 by dividing the obtained
electric flux density by the dielectric permittivity:

[El(r) — Dl(r) =24, +3éy] 4mmmm  the same result as

& before!
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Example — 1 (contd.)

* Now, finishing this problem, we need to find the polarization vector ﬁl(f):

Pur) = 6o(c, ~D)Ex(r) WD Pu(7)=2,(6-1)(24, +34)

[ P:(F) =10g,4, +15¢,4, ]

 Thus, the volume charge density of bound charge is again zero:

Pua(T) = ~V.P(F) —> P (F) = —V.(lOgoéX +1550éy) — [ P (F) = O]

However, we again find that the surface bound charge
density is not zero!
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 Note that the unit vector normal to the bottom surface of the top
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dielectric slab points downward, i.e., 4,; = —a,:
y L)
‘l‘ Ap1 = _ay X

e Since the polarization vector is constant, we know that its value at the

dielectric interface is likewise equal to: - i X
P1(F)=10¢,a, +15¢,4,

 Thus, the equivalent polarization (i.e., bound) surface charge density on
the bottom of region 1 (at the dielectric interface) is:

pspl(rb) = Fil(rb)'é\'nl ‘ pspl(rb) = (1080éx +15‘90é‘y)'(_é'y) ‘ [ pspl(rb) = _1583

* Now, we can determine the net surface charge density of bound charge
that is lying on the dielectric interface:

po(F) = pou(R)+ () ) [ (F) =156, +12¢, =3¢, |
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Example — 2
* In the following figure, the x-y plane is a charge free boundary separating
two dielectric media with permittivities €., and €,. If the electric field in
medium 1 is El = E1xa, + Eyya, + E,4,, find (a) the electric field Ez in
medium 2, and (b) the angles 0, and 6,,.

Let,
EZ — Ez_xax + Ezyay + EZZdZ
 Here, the normal to the boundary

x-y plane S d,
 Therefore, the x and y components
are tangential and z components
are normal to the boundary

At the charge free interface, the
tangential components of E and

.
normal component of D are
continuous.
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Example — 2 (contd.)

e Therefore

Eorx = E1x E2y — Ely

\ }

Tangential Components

 Thus,

Dy, = Dy,

\ }
|

Normal
Component

[EZEZZ - ElElz]

— E
[EZ — EZx@x + Ezyay + EZZﬁZ — Elelx + Elyfly + 8_1 ElZﬁZ]
2
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Example — 2 (contd.)

* The tangential components of El and Ez are:
[Elt =4 E12x + E12y] [ 2t — \/ E22x T Ezzy] ‘ [EZt Y E12x + Elzy]

* Therefore the angles 6, and 0, can be written as:

JES +E]
tanHF%‘tanelz e
1n

1z

E. +E;

1y

E
tan@zzE—Ztl:{>tan6?2= [8]
2n ~1 E
1z

&
The two angles are related as:

tand, ¢,
tang, ¢
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I Example -3

* Find Elin the following figure, if Ez = 2a,—3a,+3a, (V/m), g, = 2¢,,
£, = 8¢, and the boundary is charge free.
 Given that the x—y plane is the

boundary between the two
media, the x- and y-components

of Ez are parallel to the
boundary, and therefore are the
same across the two sides of the
boundary. Thus,

Eix=Ey =2 Eiy=Ey=-3

For the z-component

8¢
€1E1, = €,E;, ‘Elz :Z_;EZZ =12

0

+ Therefore: E; = E1,, + 18, + E1,0, wep | = 24, —3a, + 124, V/m
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* Repeat example — 3 for a boundary with surface charge density
p, =3.54 x 1071 C/m2
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From example-2: E, =2 Eiy = -3

For z-component: [51512 - &k, = ,os]

o, +&,E,, 3.54x107™" + 8¢, x 3 .
[:>E12= 512 ZJ ‘[3 E, = 0 ‘ - E,=14

2&,

* Therefore: £, = Eya, + Eyya, + Eq,a,

( [El =24, — 34, + 144 V/m]
2 y Z
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+ Given that E; =104, —
6a, + 124, V/rg in following [Pl(T):O.1768£1X—0.1061éy+0.2122éz "C/mz}
figure. Find (a) P4, (b) E, and

Indraprastha Institute of
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the angle Ez makes with the y- [ Ez =104, — 4ay + 12a, V/m]
axis, (c) the energy density in
each region.
[92 = 75.64°]
.\.
0 . [WE1 =3.7136 Y/ 5 Wy, =5.1725 "]/ng
€ = %

> X

@ g, = 4.5¢
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Example — 6

* A silver-coated sphere of radius 5cm carries a total charge of 12nC
uniformly distributed on its surface in free space. Calculate (a) |5| on the

surface of the sphere, (b) D external to the sphere, (c) the total energy
stored in the field.

: D|=381.97 nC/mz]

[ — 0.955

P nC/mz]

W =12.96 1 |
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Example -7

A dielectric interface is defined by 4x + 3y = 10m. The region including
the origin is free space, where l_jl = 2d, —4da, + 6.5a, nC/m2. In the

other region, &,, = 2.5. Find 52 and the angle 6, that l_)>2 makes with the
normal.

| D, = 5964, — 9.284, + 16254, |

[92 —_ _86740]
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I Example — 8

* Region y < 0 consists of a perfect conductor while region y > 0 is a
dielectric medium (g, = 2) as shown below. If there is a surface charge of

2 nC /m? on the conductor, determine E and D at:
(a) A(3,—2,2) (b) B(—4,1,5)

Conductor Dielectric (&, = 2)

e A

B
=
)

L ¥
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Example — 8 (contd.)

(a) Point A(3,—2,2) is in the conductor since y = —2 < 0 at A. Hence:

- —

E=0=D
(b) Point B(—4,1,5) is in the dielectric medium since y = 1 > 0 at B. Hence:
D, =p,=2nC/m?

Therefore: [

KJ[E D V/mJ |:{>[E:113.1éy V/m}
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Example -9
* The plane z = 4 is the interface between two dielectrics. The dielectric

region z > 4 has dielectric constant of 5 and E = 6a, —12a,+8a,
(V/m). If the dielectric constant is 2 in region z < 4, find the electric field
intensity in that region.

y YA
reglon  F —6a)-12a,+8a,
=5
734
S E +77? region 2
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Until now: we used Coulomb’s law and Gauss’s law to determine E

when the charge distribution is known or E = —VV when the
potential is known throughout the region.

. J

@ow: we will consider practical electrostatics problems where only\
electrostatic conditions (charge and potential) at some boundaries

are known and it is desired to find E and V throughout the region.
Such problems are usually solved using Poisson’s or Laplace’s
\_ equation or “Method of Images” )
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Poisson’s and Laplace’s Equation

e From Gauss’s Law: [V.E:&] o
E

e We have: E=-VV | &g

VAV = N 82\2 N __A (Poisson’s Equation)
ox> oy* o1’ g

* |f the medium under consideration contains no charge then: [ V& =0 ]

Laplace’s Equationss_ J

" These formulations are extremely useful for determining the electrostatic )
potential V in regions with boundaries on which V is known, such as the
regions between the plates of a capacitor with specified voltage difference

\_ across It. )
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Poisson’s and Laplace’s Equation (contd.)
[vzv_ 1 a (pav]+ 1oV oV :_&]
pop\ Op) p2 0~ oz g

Vz\/zizg(rzav)+ 21_ a(sin&’a—vj+ - _12 az\éz—pv
reor or rsind oo 060 ) r°sin“6 o¢ &

* The corresponding Laplace’s equations are:

[Vzv_efv o, oV OJ
ox>  oy* o1’

[vwzla£p8V] 1 oV oV 0]
pop\ Op ) p2 0¢° 62

VZV:128£r26VJ+ 21_ 8(sin¢9a\/j+ . _12 82\2:0
reor or r<singd oo 06 ) r°sin“6 o¢
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Uniqueness Theorem

* One can use any of the available methods (analytical, graphical, numerical,
experimental etc.) to solve Laplace’s or Poisson’s equations.

* If the solution exits then that solution is unique irrespective of the
method used to determine them.

 This is known as Uniqueness Theorem.

* Proof of this theorem — through contradiction [follow your text book]

e Before we begin to solve Boundary-Value-Problems, we should bear in
mind the three things that uniquely describe a problem:

1. The appropriate differential equation (Laplace’s or Poisson’s equation)
2. The solution region
3. The prescribed boundary conditions
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Procedure for Solving Poisson’s or Laplace’s Equations

1.

4.

Solve Laplace’s (if p, = 0) or Poisson’s (if p, # 0) equation using either
(a) direct integration when V is a function of one variable or (b)
separation of variables if V is a function of more than one variable. The
solution at this point is not unique but is expressed in terms of unknown
integration constants to be determined.

Apply the boundary conditions to determine the unique solution for V.
Imposing the given boundary conditions makes the solution unique.

Having obtained V, find E using E = -V, D from D = sﬁ, and f from
J = oE.
If required, find the charge Q induced on a conductor using Q = [p, dS,

where p. = D,, and D,, is the component of D normal to the conductor.
If necessary, the capacitance of two conductors can be found using

C = Q/V or the resistance of an object can be found using R = %, where
[ =[].ds.
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Example — 10: Dielectric Filled Parallel Plates

* Consider two infinite, parallel conducting plates, spaced a distance d
apart. The region between the plates is filled with a dielectric €. Say a
voltage V, is placed across these plates.

1 7=-g

o~

= 1 7=0

1rZ

Q: What electric potential field V(7), electric field E(f) and charge density
ps(7) is produced by this situation?
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Example — 10 (contd.)

A: We must solve a boundary value problem! We must find solutions that:

a) Satisfy the differential equations of electrostatics (e.g., Poisson’s,
Laplace’s, Gauss'’s).
b) Satisfy the electrostatic boundary conditions.

Q: Yikes! Where do we even start ?

A: We might start with the electric potential field V(7), since it is a scalar
field.

a) The electric potential function must satisfy Poisson’s equation:

[v?v (r) = —m]
&

b) It must also satisfy the boundary conditions:

[V(zz—d)zVO V(z=0)=0]
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Example — 10 (contd.)

Consider first the dielectric region (—d < z < 0). Since the region is a
dielectric, there is no free charge, and:

[pv (F)= 0]
Therefore, Poisson’s equation reduces to Laplace’s equation:
[vzv (1) =0 ]

This problem is greatly simplified, as it is evident that the solution V(7) is
independent of coordinates X and V. In other words, the electric potential
field will be a function of coordinate z only:

vV =v@]

This make the problem much easier! Laplace’s equation becomes:

(VV(r)=0 | we— (v (z)-0 | m—) [82\/(2):0J

0z°
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Example — 10 (contd.)

Integrating both sides of Laplace’s equation, we get:

([ [0y O

0z

And integrating again we find:

I(aV(Z)jdz =J(C1)dz mm—) V/(z)=C,z+C,

0Z

We find that the equation V(z) = C;z + C, will satisfy Laplace’s equation

(try it!). We must now apply the boundary conditions to determine the
value of constants C, and C..

We know that the value of the electrostatic potential at every point on

the top plate (z = —d) is V(—d) = V,, while the electric potential on the
bottom plate (z = 0) is zero V(0) = 0. Therefore:

[\/(z:—d):—Cld +C2:VJ [V(z=0):Cl(0)+C2:O]
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Example — 10 (contd.)

* Two equations and two unknowns (C, and C,)!
Solving for C; and C, we get:

C2:O C]_:

Vo
d
 and therefore, the electric potential field within the dielectric is found to

be: v
V(2)=Cz+C,  mu—) E/(F) :_FOZJ

* Before we proceed, let’s do a sanity check!
* |n other words, let’s evaluate our answer at z = 0 and z = —d, to make
sure our result is correct:

V(z:—d)z—%(—d)zvo \/
V(z:0)=—\%(0)=0 \/
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Example — 10 (contd.)

* Now, we can find the electric field within the dielectric by taking the
gradient of our result:

EM)=-w() o) E(r):%az —d<z<0

 And thus we can easily determine the electric flux density by multiplying
by the dielectric constant of the material:

[B(r)zgﬁ(r)zg%az —d<z< OJ

* Finally, we need to determine the charge density that actually created
these fields!

Q: Charge density I?! | thought that we already determined that the charge
density p,,(7) is equal to zero?

A: We know that the free charge density within the dielectric is zero—but
there must be charge somewhere, otherwise there would be no fields!
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Example — 10 (contd.)

* Recall that we found that at a conductor/dielectric interface, the surface
charge density on the conductor is related to the electric flux density in
the dielectric as:

D,=D(F)4, = p,(F)]

* First, we find that the electric flux density on the bottom surface of the top
conductor (i.e., at z = —d) is:

B, - tg%aj L —glog

* For every point on bottom surface of the top conductor, we find that the
unit vector normal to the conductor is:

(=4
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Example — 10 (contd.)

 Therefore, we find that the surface charge density on the bottom surface
of the top conductor is:

p.(N)=D()4,],_y=o- 244, ﬂ[:.psm:e% (z=—d)]

* Likewise, we find the unit vector normal to the top surface of the bottom
conductor is (do you see why):
a,=-a,]

 Therefore, evaluating the electric flux density on the top surface of the
bottom conductor (i.e., z = 0), we find:

p, (N)=D(1)4, |, 4=¢ V;a ~a,) ) [ups(r)JngO (z = 0) ]
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Example — 10 (contd.)

* We should note several things about these solutions:
1) VxE(F)=0

2) V.D(F)=0 and V¥/(F)=0

3) l_j(f) and E(f) are normal to the surface of the conductor (i.e., their
tangential components equal zero!

4) The electric field is precisely the same as calculated earlier. i.e.,

{E(r) _ pzir) 4 - pZS) A :%az (—d <z < O)J
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Example — 10 (contd.)

* In other words, the fields E(f), B(f), and V(7) are attributable to charge
densities pg, (7) and p,_ (7).

L 7=-(

F7=0

N+
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Example - 11

 Consider now a problem similar to the previous example (i.e., dielectric
filled parallel plates), with the exception that the space between the
infinite, conducting parallel plates is filled with free charge, with a density:

[pv(r) =—1¢, (—d<z< 0)]
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Example — 11 (contd.)

Q: How do we determine the fields within the parallel plates for this
problem?

A: Same as before! However, since the charge density between the plates is
not equal to zero, we recognize that the electric potential field must satisfy
Poisson’s equation:

VZV (r) _ — Py (r)

&o

* For the specific charge density p,,(7") = —zg,: [VZV(T) _za0) zJ

)

e Since both the charge density and the plate geometry are independent of
coordinates X and y, we know the electric potential field will be a function
of coordinate z only (i.e., V(i) = V(2)).

 Therefore, Poisson’s equation becomes: {VZV( F) = 52V(Z) z]
0z*
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Example — 11 (contd.)

 We can solve this differential equation by first integrating both sides:

(24910 e 202

z 0z 2
* And integrating again we find:

j(eV(r)jdz :j(z_22+cljdz — V(T)Z%S+C12+C2

0z

* Note that this expression for V(7) satisfies Poisson’s equation for this
case. The question remains, however: what are the values of constants C;
and C,?

 We find them in the same manner as before—boundary conditions!



Information Technology Delhi

1D

Indraprastha Institute of
b ECE230

Example — 10 (contd.)

* Note the boundary conditions for this problem are:
V(z=-d)=V, V(z=0)=0

* Therefore, we can construct two equations with two unknowns:

E/(z=—d)=V0:¥+Cl(—d)+CzJ

V(z=0)=0:%+cl(0)+c2

Vv, d?
* Itisevident that C, = 0, therefore constant C, is: [Cl = (FOJFEH

The electric potential field between the two plates is therefore:

[Vm:%j_(vd_ugjz <_d<z<o>]
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Example — 11 (contd.)

* Performing our sanity check, we find:

v(z=—d)= =) —(V°+%j(—d) =) V(z:—d):_TdB+VO+%3=VO \/

6 d
and V(z:o):(%) _(\;0 +%)(O) mm) V(z=0)=0 \/

= )
{From this result, we can determine the electric field £ (7), the electric

flux density 5(1’), and the surface charge density p,(7), as before.

<
[Note, however, that the permittivity of the material between the plates

is €g, as the “dielectric” between the plates is free space. )




