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e Electric Field due to a Line Charge (contd.)

* Electric Field due to a Surface Charge

* Electric Field Lines

* Electric Flux

* Gauss Law
* Applications of Gauss Law
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Electric Field due to a Line Charge

* Let us assume an infinite straight-line charge, with charge density p; C/m,
lying along the z-axis.

 What is electric field E at P(0,y,0)?
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Electric Field due to a Line Charge (contd.)

e For the calculation of electric field E at P(0,y,0), the first step is to
determine the incremental field at P due to the incremental charge dQ=

pidz’

Z
7\ Incremental We have:
0.0 ,/ \change, dz’; fe ==
(0.0,2°)- R 1] dQ= pdz’ 4 40 (r-r) pdz(r-r)
o - - —3 - —3
B 4re, ‘r—r" 4re, ‘r—r‘
r -
Sy R I Y
N dE R=r-r'=pd,-24,]
X
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Electric Field due to a Line Charge (contd.)

—~dE = pdz’ ('Oép B Z'é‘z)
47z, (,02 Y2 )3/2
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Electric Field due to a Line Charge (contd.)

7 PP L _pp T dz
4= Iw 47z, p2| +22)" . 47'”’0 v p? +2%)

pp| 1 Z' P
=E = ‘ B =1
g 471'80|: ’ } [ P 2me,p ]

Now: 312

P (,02+Z'2)1/2

7'=00

AND:  dg, =~ | zdz -[ .'.EZ:4'0' x(O):O]

- 3/2
47[80 7'=—00 (pZ + 7 '2)

Therefore: —
[ E(r)=E,4,-E4, =" apJ

BTW, there are multiple ways of solving this problem.
You can master this art through practice!
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Example -1

. Determine electric field E at P(x,y, z)

| | - = - =
ncrementa [jd_E_ 00 (r—r)_p,dz'(r—r) J

h ,dz’; -
A pc d‘;n:gzl d; Y

(0,0, )-
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Example — 1 (contd.)

Now:  E(f)= [ A% Pép+(2—2'2)éz

=T ppdz’ L[ almzjer
(r) ZJ‘OO47Z-‘90|:,02+(Z_Z)2i|3/2ap+zjoo47[50|:p2+(z—z)2i|3/2a
ol e || e |
jE(r)_ 7[190< appz [p2+(z—z')2T/2 ) +a, [p2+(z—z 2T/z ) [
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Electric Field due to a Line Charge (contd.)

Recall unit vector a is the

E(r\__ P a4
[ E(r) - % J _ direction that points away from

278,
the z-axis.

(Thus, the electric field produced by the uniform line charge points
away from the line charge, just like the electric field produced by a

\> 9 point charge points away from the charge. D

* Note the magnitude of the electric field is proportional to 1/p, therefore
the electric field diminishes as we get further from the line charge.

 Note however, the electric field does not diminish as quickly as that
generated by a point charge. Recall in the case of point charge, the
magnitude of the electric field diminishes as 1/r?.
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Example — 2

Oh yes! It is important to note that not all the line charges will be
located along the z-axis.

For example, let us consider an infinite line charge parallel to the z-axis at

x = 6,y = 8. We wish to find E at the general field point P(x, Y, Z).
A

—

(6,8, Z)O\ﬁ) Py, 2) ‘ﬁ‘ =p= \/(x —6)° +(y-8)°

_ 4 :(x—6)éx+(y—8)éy
(0,6}0) S ? J(x=6)%+(y—8)

E__P (x-6)a, +(y—8)3,
- 27, (X—6)°+(y—8)°

[again, not a function of z ]
N
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* A ring of charge of radius b is characterized by a uniform line charge
density of positive polarity p,. The ring, with its center at (0,0,0), resides in
free medium and is positioned in the Xy-plane.

-

-

i. Determine FE at point
P = (0,0, h) along the axis of
the ring at a distance h from
the center.

ii. What values of h gives the

§P =(0,0,h)

maximum value of E.
iii. If the total charge on the ring

isQ, findE as b — 0.

)
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Example — 3 (contd.)

(i) Let us start by considering the electric field generated by a differential
ring segment -1 with cylindrical coordinates (b, ¢, 0) as shown.

* The line segment has length dl = bd
dE * Therefore contains charge dQ = p;bdd
 The directed distance from segment-1 to

point P is:

[Fl’ =—ba  + héz]
This gives:

[rlz‘ﬁ‘:\/b2+h2]

5 _ r, —ba +ha,
TH
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Example — 3 (contd.)

Therefore:  Electric Field at P = (0, 0, h) due to charge in segment-1 is:

. a — —-ba_+ha
dE, =19 % ) (E:- pb 8, * &,

e, (b2 + hz)?’/2
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Example — 3 (contd.)

* The field d_}_'f1 has component d_E>1p along —a, and d_E>12 along a,.
* From symmetry, the field dE, generated by segment-2, which is located

diametrically opposite to segment-1, is identical to El except that the @,

components in the sum cancel and @, components add.
z

Y~ 4F =dE, +dF,
dE, 15 dE,

e The sum of two contributions are:
dE1p dEzp

dE = dE,+dE.=— 2444
272'80(b2 + h2)

—
"‘3*”+
N o T~ ‘

=-==—==‘;’

1

T
1
1
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Example — 3 (contd.)

* For every segment-1 in the first half, there is a segment-2 in the other half.
* Therefore, we can set the integration limitas: 0 < ¢ < .

e Thus the total electric field E is:

. [ = p,bh 5
2)3/zaz£d¢ — [..Ezgo(bzlJrhz)g/ZaZ]

- )

(i) For maximum E:

s A

df]_po (7 1) @S mn(vt ) oS
dh 25, (b%+h?)”




1D

Indraprastha Institute of
b . ECE230

Information Technology Delhi

Example — 3 (contd.)

( 3
ob. (b2 +h2)" —E(h)Zh(bz +h2)”
2¢, (b%+h2)"

(> +h?) " [h?+b?~3n*]=0 mmh b?-2n’=0 == |h= %

(iii) Since the charge is uniformly distributed, the 5 _Q
line charge density is: ' 27b

Therefore: | E AN 4 = on —4
2¢, (b2 + hz) drg, (b2 + h2)

E Q . Same as that of a
: ‘ E = a < ]
For, b = 0; [ Amgh® ] point charge !
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Example — 4 i

A vector field B = (cosp/p)a, , 0=2

verify Stoke’s Theorem for a segment 77

of a cylindrical surface defined by d
=2-<¢p<-,and0<z < A

p 3 (p 2 Z . 4

3 (as shown). g

Stoke’s Theorem:

(v xB)eds = féﬂ

S
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Example — 4 (contd.)
Left Hand Side

_ oB oB 5(oB
va:(EaBz— ¢]ap+[ P—‘?szaﬂl( v ¢)—582Jaz

p o0y 0Oz oz Op pl Op ol
\_/ .'.VXEZ Sm¢ COSZ¢ é¢
p’ P

 The integration of V X B over the specified surface S is:

T

flo-spm- ] [ [-F2a

S

]- pdgdza,

=3

* Given, p = 2: [.-,@(VX_B’).EZ_EJ oz P 2
S
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Example — 4 (contd.)
Right Hand Side

 The direction of C is chosen such that it is compatible with the surface

normal @, by the right hand rule.
- — b—> —_ C—) —_
f B. l:j Bab.dl +f Bbc.dl
C a b

 Over segments ab and cd the integral is

zero considering that B.dl = 0 over these
segments.

* Oversegment bc, ¢ = % Therefore:

§bc:O

= 1

=2
z=173 P ¢
d
N
\ a
P
ﬁ
- N .-
/3
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a
* Therefore: f B.dl =f By, dl
c
2
cosz 1

* Oversegmentda, ¢ = % Therefore: §da = 4=

Hence, Stoke’s Theorem Verified
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Electric Field due to a Surface Charge

* Consider a disk of radius a, centered at the origin, and lying entirely on the
xy-plane (i.e., z =0 plane). Let us also assume that this disk carries a
uniform charge density of p. C/m?.

P(x,y,z) = P(p,$,2)

Ps

/

Challenge: determine electric field at point P

P'(x,y",0) = P(p', 4", 0)
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Electric Field due to a Surface Charge (contd.)

e From Coulomb’s Law:

[ )= |;_‘;| }

dS'=p'dp'dg’ 0<p'<a 0<¢'<2r

cylindrical

—_

SR=r—r'=(x-—x"“ +(y-y')a +za
Convert to C ( &, +(y-y)8, + 24

~R=r-r'=(x-p'cosg')4, +(y-p'sing')a, +za]

[‘ﬁ‘3 :‘F—l’_"3 [(X—P'Cos¢-)2 +(y—p'Sin¢')2 N 22}3/2]
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Electric Field due to a Surface Charge (contd.)

P TN

T 2 (x—p'cosg')a, +(y—p'sing')a, +za
e
nngopzo[(x_p cosg’) +(y—p'sing') +2 ]

[Yikes! What a mess!] - )

* To simplify our integration let’s determine the electric field E(f) along
the z-axis only. In other words, set x=0and y =0.

Pq T 2 (0-p'cosg’)a, +(0-p'sing')a, +z4,

:>E(X:0,y=0,z):4 3/2,0d,0 dg'
7[80¢:0p:0|:(0_p COS¢) +(O—p sm¢) +Z ]
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Electric Field due to a Surface Charge (contd.)

L E( - s TT (p'cos¢')ézx+(p'sin¢')zéy+zizzp'dpld¢'
47y ¢=0p=0[(p'COS¢') +(p'sing’) +22J

__Ps T j‘ (p'cosg')a, +(p'sing')a, + 24,

dp'dg
475y 3, 3, JER ZZT/Z pup
(Wﬁcowl)éxp'dp'dgﬁ'
M%zz =0
Ay
A7E ) N o 1o [ P+ 22]3/2
\} » We know:
z ‘dp'd 2 °F
PR fsingag =0 [eosgas
L - 0 0
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Electric Field due to a Surface Charge (contd.)

27 a

- Zé 1 1 1
E(x=0,y=02)=-"L| [ [ = p'dp'dg
4re, ¢:op=o[,0' + 7 }
LY f 250
28, 2’ +a°
E(X:O,y:O,z):—<
Ps 4 Z
—-4,| -1- If 2<0
— 250 |: \/22+8.2:|

(From this expression, we can conclude two things. The first is thap
above the disk (z > 0), the electric field points in the direction @,
. and below the disk (z < 0), it points in the direction —a,. )
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Electric Field due to a Surface Charge (contd.)

 What a surprise (not)! The electric field points away from the charge. It
appears to be diverging from the charged disk

T

l

* Likewise, it is evident that as we move further and further from the disk,
the electric field will diminish. In fact, as distance z goes to infinity, the
magnitude of the electric field approaches zero. This of course is similar to
the point or line charge; as we move an infinite distance away, the electric

field diminishes to nothing.
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" Electric Field due to a Surface Charge (contd.)

e Say that we have a very large charge disk. So large, in fact, that its radius a
approaches infinity !

Q: What electric field is created by this infinite plane?
A: We already know! Just evaluate the charge disk solution for the case
where the disk radius a is infinity.

&é{l— ‘ } f z2>0
28, 2’ +a°
IME(x=0,y=0,2) = —<
Ps gl 1% if 2<0
— 24, 2’ +a°
’_ &é‘z If z>0
2¢&,
_ e Think about what}
_ ' |
Ps 4 £ 7<0 this says!
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Electric Field due to a Surface Charge (contd.)

* First, we note that the electric field points away from the plane if pg is
positive, and toward the plane if ps is negative.

* Second, we notice that the magnitude of the electric field is a constant—
the magnitude is independent of the distance from the infinite plane!

A A A I Y

o >0 Plane

o Pttt
by
bl

—— | —>
—— | —>
—— | —>

T 1
Vo
Vo
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Example -5

* An infinite sheet with uniform surface charge density p, is located at z=0
(x-y plane), and another infinite sheet with —p_ is located at z=2m, both
in free space. Determine E everywhere.

ps <0

\ (X, Y, 2)

Infinite
Plane

(x,y, 0)

ps >0
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Example - 5 (contd.)

For the sheet at z =0

ol &é‘z for z>0
2&,
Ei=—<
Ps g for z<0
— 2¢,
Therefore: ol 0

E=Ei+E,= — Ps a

For the sheet at z=2m

" _—pséz for z>2m
2¢g,
Ez ==
&az for z<2m
— 2¢,
—
for z<0
Any
thought on
for O<z<2m this
outcome !
for z>2m _
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Involves tricky triple integration. Lets first learn Gauss
Theorem. It will simplify this problem.
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Electric Field Lines

Electric field lines are a pictorial representation of the electric field. These
consist of directed lines indicating the direction of electric field at various
points in space.

There is no rule as to how many lines are to be shown. However, it is
customary to draw number of lines proportional to the charge. Thus if N
number of lines are drawn from or into a charge Q, 2N number of lines
would be drawn for charge 2Q.

Lines are dense close to a source of the electric field and become sparse
as one moves away.

Lines originate from a positive charge and end either on a negative charge
or move to infinity.

Lines of force due to a solitary negative charge is assumed to start at
infinity and end at the negative charge.

Field lines do not cross each other. ( if they did, the field at the point of
crossing will not be uniquely defined.)
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Electric Field Lines (contd.)

\ \ s,
Ni‘N p \ VA 5
‘i\i\i./‘?""‘\\\' & il
7 {// \\\\\\\:—///// \\\“\ \
/ ( \\\ //' ) \

\\ N pc

N

N
7N
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Electric Field Lines (contd.)

They start on eThey never cros
" E! e\Where they are
positive charge ) Y
and end o
negative charges
(or infinity)

close together, the
field is strong
eThe bigger the
‘_’ charge, the more
LJ field lines come oAt

™
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Electric Field Lines (contd.)
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Note:

* Near field: very close to a charge, the field due to that charge
predominates. Therefore, the lines are radial and spherically symmetric.

* Far field: far from the system of charges, the pattern should look like that
of a single point charge of value Q = };; Q,. Thus, the lines should be
radially inward or outward, unless Q = 0.

« The direction of the electric field vector E_at a point is always tangent to
the field lines.
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Electric Flux

 The concept of flux is borrowed from flow of water through a surface.

e The amount of water flowing through a surface depends on the
velocity of water, the area of the surface and the orientation of the
surface with respect to the direction of velocity of water.

e Similarly, the electric flux through a surface depends on the electric
field, the area of the surface and the orientation of the surface to the
direction of electric field lines.

 Though an area is generally considered as a scalar, an element of area
may be considered to be a vector because:

* |t has magnitude (measured in m?).

* |If the area is infinitesimally small, it can be considered to be in a
plane. We can then associate a direction with it. For instance, if the
area element lies in the x-y plane, it can be considered to be directed
along the z—direction. (Conventionally, the direction of the area is
taken to be along the outward normal.)
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Electric Flux (contd.)

 Simply speaking, electric flux is the amount of electric field going
through a surface. It is defined in terms of a direction, unit vector,
perpendicular to the surface.

A dy = E.AdS |:> [.'.dy/:‘ﬁ‘dScose]

ds * For an arbitrary surface S, the flux is obtained by
integrating over all the surface elements.

[wzldwzgﬁ.ﬁds]

* If the electric field is uniform, the angle 0 is
constant and we have:

/\[ w =E(Scos) ]

[Thus the flux is equal to the product of magnitude of the eIectric]

1l

field and the projection of area perpendicular to the field.
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Electric Flux (contd.)

* When the surface is flat, and the fields are constant, you
can just use multiplication to get the flux.

A A A A A A A A
A A A A A A A A

2 2 2 2 A A A a2
A A A A A A A

1)

* When the surface is curved, or the fields are not constant, you have to
perform an integration:
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Example — 6
Calculate the flux through the base of the cone of radius R shown below.

—_—

y\ \E S = 7R’ [9 :1800]
[W - E(SCOSH)] - [: E(;sz c0s180° )]

éif :§ [ y =E(7R*x(-1))= —ﬂRZE]
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Example -7
e Calculate the flux coming out through the curved surface of the cone in
the example — 6.

e Let us consider a circular strip of radius
r at a depth h from the apex of the
cone. The angle between the electric
field through the strip and the vector
ds is (1t/2)-6, where 8 is the semi-angle
of the cone.

 If dl is the length element along the
slope, the area of the strip is 2zrdl.

* Then:
E.dS = 2zrdl ‘E‘cos[% _ ej = 2zrdl ‘E‘sin 0

* We have, dl = dh/cosb. Further, r = htan6. Substituting, we get:

E.dS = 27htan? Q‘E‘dh Y= h_jH 277htan? Q‘E‘dh =ExH?tan?@ =7R’E
h=0



Indraprastha Institute of
Information Technology Delhi ECE230

1D

Gauss Law

* In practice, electric field intensity is dependent on the medium in which
the charge is placed (free space in our discussion).

e Let us define a new vector D that relates the medium and the electric

field as:
= _ . | 4ssm Electric Flux

D=¢,E
fo Density

* According to Gauss [full name: Carl Friedrich Gauss], the total electric
flux Y through any closed surface is equal to the total charge enclosed by
that surface.

h vV {f\ o ‘V[deV

[w=<£>dw=<_sf>5-d_§ H :C_!)B.Ez:[pvdv ]/

 From Divergence theorem: [2¢5-£=1V-5dv ]
S \
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Gauss Law (contd.)

* Therefore: [pV:V.B] —

First of the four Maxwell’s
equations

Gauss’s Law can be used to solve three types of problems:
1. Finding the total charge in a region when you know the electric field
outside that region
2. Finding the total flux out of a region when the charge is known
* It can also be used to find the flux out of one side in symmetrical
problems > In such cases, you must first argue from symmetry that
the flux is identical through each side
3. Finding the electrical field in highly symmetrical situations
* One must first use reason to find the direction of the electric field
everywhere
 Then draw a Gaussian surface over which the electric field is constant
* Use this surface to find the electric field using Gauss’s Law
 Works generally only for spherical, cylindrical, or planar-type problems
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Gauss Law (contd.)

1.

A continuous charge distribution has rectangular symmetry if it depends
only on x (or y or z), cylindrical symmetry if it depends only on p, and
spherical symmetry if it depends only on r (independent of 6 and ).

Gauss’s Law is also valid for asymmetric charge distribution. However, you

can’t apply Gauss’s Law to determine E or D. In such situations, apply
Coulomb’s Law.

Gaussian surface is chosen such that D is normal or tangential to the
surface. When D is normal to the surface then D.ds = D and for
tangential D we get D.ds = 0.
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Applications of Gauss’s Law

Point Charge Gaussian
* Suppose a point charge is located at origin. Surface
. Determine D at a point P.
N

* Choose a spherical surface containing P. D
e Dis everywhere normal to the Gaussian P

surface.

_ADpAc — o _ _ _ 2
Q—?D.ds—gs[)DdScosO _SsﬁDds_Dgsﬁds_DxMr Q R}
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Applications of Gauss’s Law (contd.)

Infinite Line Charge

« To determine D at a point P, lets choose a cylindrical surface of arbitrary
length |.

D is normal to side surface, doesn’t exist on the top and bottom surface
(because there is no z-component of D).

~

\

Line charge:
* Therefore: ./ p C/m
Q:pllz(ﬁﬁ.d_S:quSdS:Dprﬂpl q
S S | p |P l_j
Jo,
D, = A »

- 2o

[ D:ﬁé]
2mp "

\4
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Applications of Gauss’s Law (contd.)
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o A - Area: A
Infinite Sheet Charge TD

_ —_—

* To determine D at a point P, E | p
lets choose a rectangular box ?1 }
with top and bottom area A t tT '

« D is normal to the top and ! 11 I T A
bottom, doesn’t exist on the / 1

side surface

e Therefore: Infinite sheet of
} charge: pg C/m?

top bottom

Q:psjdszqsad—s'za{jda [ as

Ps ' Ps 4 =
= D = =I5 . —'O_"
= P A DZ[A+ A] =D, > [ D > az] ‘ [_E_Z;O aZJ
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Applications of Gauss’s Law (contd.)

Uniformly Charged Sphere

* A sphere of radius a has uniform charge density p, throughout. What is
the direction and magnitude of the electric field everywhere?

* To determine D everywhere, let us construct Gaussian surfaces for
casesI < a and r = a separately.

D
D
* Clearly, all directions are created equal in this problem
e Certainly the electric field will point away from the sphere at all points

 The electric field must depend only on the distance
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Applications of Gauss’s Law (contd.)
Uniformly Charged Sphere

Case-l: r<a * When computing the flux for a Gaussian surface,
only include the electric charges inside the
surface. Here, the enclosed charge is:

Q,. = jpvdv —pvjdv —pvzf j jr singdrdod ¢ [ Qenczpvgﬂr3]

$=06=0r=0

 The total flux:

l_)) 2T
v = CJSDdS D<j>ds =D, [ [ r’singdadg | ..y =D,4nr]
¢=06=0
’ 2 4 3 ,OV
* From Gauss’s Law: v =Q,. = D, 4rr =,0V§7zr :Dr:?r
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Applications of Gauss’s Law (contd.)
Uniformly Charged Sphere

Case-ll: = a

 The charge enclosed in this case is the entire

charge:
2r 7w a 4
2 : _ a3
Qenc = _[,OVdV—pVI j jr sin@drdad¢ L.Qenc—pvsna]
$p=06=0r=0 R
D
* While:
2r 7
y = gﬁDds D<j‘>ds =D, | [ r’sinododg [...WZDMz]
$=0 6=0
’ 2 4 3 a’
 From Gauss’s Law: v =Q,, = D, 4rr =pgra = D, = 37 P

— a3
[ D 3r2 pv I’J
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Applications of Gauss’s Law (contd.)
Uniformly Charged Sphere

( 3
r a,p,— forr>a,
gpv a3p D:< I
2 Py N
L 3r a—p, forr<a
3 ] : L
] l
A :
- |
4 |
- |
4 |
- I
4 |
- I
. I
- |
. |
. I
!
U a

v



