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Time – Harmonic Fields  

• So far, our time dependence of EM fields have been arbitrary. 
• Let us consider the specific scenario where the fields are time-harmonic 

↔ Generally, time-varying electric and magnetic fields and their sources 

(𝜌𝑣 and 𝐽 ) depend on spatial coordinates (𝑥, 𝑦, 𝑧) and the time variable 𝑡. 
However, if their time variation is sinusoidal with angular frequency 𝜔, 
then these quantities can be represented by a phasor that depends on 
(𝑥, 𝑦, 𝑧) only.   

• Time-harmonic field is one that varies periodically or sinusoidally with 
time.  

• Sinusoidal analysis is of practical value. 
• This can be extended to most waveforms by Fourier analysis.  
• Sinusoids are easily expressed in phasors, which are more convenient to 

work with.  
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Time – Harmonic Fields (contd.)  
• A phasor is a complex number that contains the amplitude and phase 

information of a sinusoidal oscillation.  

z x jy r      cos sinjz re r j    

• The two forms of representing 𝑧 are illustrated below: 

• To introduce the time element, we let: 

t   

where, θ may be a function of time 
or space coordinates or constant 

j j j tre re re  

Re( ) cos( )jre r t   

Im( ) sin( )jre r t   
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Time – Harmonic Fields (contd.)  

• Thus a sinusoidal current 𝐼 𝑡 = 𝐼0cos⁡(𝜔𝑡 + 𝜃) equals the real part of 

𝐼0𝑒
𝑗𝜃𝑒𝑗𝜔𝑡 . 

• The current 𝐼′ 𝑡 = 𝐼0sin⁡(𝜔𝑡 + 𝜃) , which is the imaginary part of  

𝐼0𝑒
𝑗𝜃𝑒𝑗𝜔𝑡 can also be represented as the real part of 𝐼0𝑒

𝑗𝜃𝑒𝑗𝜔𝑡𝑒−𝑗90°
. 

• However, be consistent while representing the real and imaginary part of 
a quantity.  

0 0

j

sI I e I   
• The complex term 𝐼0𝑒

𝑗𝜃 which results from dropping the 
time factor 𝑒𝑗𝜔𝑡 in 𝐼 𝑡 , is called the phasor current, 
denoted by 𝐼𝑠. 

• Therefore 𝐼 𝑡 = 𝐼0cos⁡(𝜔𝑡 + 𝜃)  can be expressed as:  ( ) Re j t

sI t I e 
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Time – Harmonic Fields (contd.)  

• In general, a phasor could be a scalar or a vector.  

• For example, if 𝐴 = 𝐴0 cos 𝜔𝑡 − 𝛽𝑥 𝑎 𝑦, then we can express 𝐴  as: 

   0
ˆRe Rej x j t j t

syA A e a e A e    Where: 0
ˆj x

s yA A e a

• Notice that: s

A
j A

t







• Similarly: 
sA

A t
j

 

 Re j t
sA A e 

• If a vector 𝐴 (𝑥, 𝑦, 𝑧, 𝑡) is a time-harmonic field, then the 

phasor form of 𝐴  is 𝐴 𝑠 𝑥, 𝑦, 𝑧 ; the two quantities are 
related as:  
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Time – Harmonic Fields (contd.)  
• Time-Harmonic Maxwell’s equations assuming time factor 𝑒𝑗𝜔𝑡 

Differential Form Integral Form 

 
𝛻. 𝐷𝑠 = 𝜌𝑣𝑠  𝐷𝑠. 𝑑𝑠 =  𝜌𝑣𝑠𝑑𝑣

𝑣
𝑆

 

 
𝛻. 𝐵𝑠 = 0 

 

 𝐵𝑠. 𝑑𝑠 = 0
𝑆

 

 
𝛻 × 𝐸𝑠 = −𝑗𝜔𝐵𝑠  𝐸𝑠. 𝑑𝑙 =− −𝑗𝜔 𝐵𝑠. 𝑑𝑠

𝑆
𝐿

 

 
𝛻 × 𝐻𝑠 = 𝐽 𝑠 + 𝑗𝜔𝐷𝑠 

 

 𝐻𝑠. 𝑑𝑙 =  𝐽 𝑠 + 𝑗𝜔𝐷𝑠𝑆𝐿
. 𝑑𝑠  
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Example – 1 

• Convert the complex number in polar form: 
 

  
1 2

3 4 *

1 6 2

j j
z

j j




  

Method – 1 (working in rectangular form): 

 

  
1 2

3 4 *

1 6 2

j j
z

j j




  
1

4 3

27 14

j
z

j

 

 

1 0.1622 0.027z j  1 0.1644 9.46z   

Method – 2 (working in polar form): 

• Convert  𝑗, (3 − 𝑗4)∗, ⁡ −1 + 𝑗6 , 𝑎𝑛𝑑(2 + 𝑗)2  in polar form.  
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Example – 2 

• Convert the complex number in polar form: 
1/2

1

4 8

j
z

j

 
  

 

0.3976 54.2z   
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Example – 3 

• Simplify the complex number: 
2

3 1

2

j
z j

j

 
  

 

0.24 0.32z j 



Indraprastha Institute of 

Information Technology Delhi ECE230 

Example – 4 

• Express the following phasors in their instantaneous forms: 

(a) 𝐴 𝑠 = (4 − 3𝑗)𝑒−𝑗𝛽𝑥𝑎 𝑦 

(b) 𝐵𝑠 =
20

𝜌
𝑒−𝑗2𝑧𝑎 𝜌 

(c) 𝐶 𝑠 =
10

𝑟2 (1 + 2𝑗)𝑒−𝑗𝜑𝑠𝑖𝑛𝜃𝑎 𝜑 

( 36.87 ) ˆ5 j x
s yA e a  (a) ˆRe 5cos( 36.87 )j t

s yA A e t x a        
 

Re j t
sB B e  

 
(b) 220 20

ˆ ˆRe cos( 2 )j z j tB e e a t z a

 
 

 
    

 
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Example – 4 (contd.) 

2

10
ˆ(1 2 ) sinj

sC j e a
r



 (c) 63.43

2

10
ˆ(2.236 ) sinj j

sC e e a
r



 

( 63.43 )

2

22.36
ˆRe Re sinj t j t

sC C e e a
r

  

          

2

22.36
ˆcos( 63.43 )sinC t a

r
      
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Example – 5 

• Given 𝐴 = 4𝑠𝑖𝑛𝜔𝑡𝑎 𝑥 + 3𝑐𝑜𝑠𝜔𝑡𝑎 𝑦 and 𝐵𝑠 = 𝑗10𝑧𝑒−𝑗𝑧𝑎 𝑥, express 𝐴  in 

phasor form and 𝐵𝑠 in instantaneous form. 

ˆ ˆ4cos( 90 ) 3cosx yA t a ta    
( 90 ) ˆ ˆRe 4 3j t j t

x yA e a e a     

 90 ˆ ˆRe 4 3j j t

x yA e a a e     
 

90 ˆ ˆ ˆ ˆ4 3 4 3j
s x y x yA e a a j a a      

ˆ10 jz
s xB ze a

90 ˆ10 j jz
s xB ze e a 

( 90 ) ˆRe Re 10j t j t z
s xB B e ze a            

ˆ ˆ10 cos( 90 ) 10 sin( )x xB z t z a z t z a        
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Example – 6 

• The electric field phasor of an EM wave in free space is: 

4 ˆ( ) 10 j y
s xE y e a V/m 

Find (a) 𝜔 such that 𝐸𝑠 satisfies Maxwell’s equations., 

(b) the corresponding magnetic field 𝐻𝑠. 

(a) 4 ˆ40

( ) 0 0

j ysx
s z

sx

x y z
E

E j e a
y

E y



  

  


    


But: 
0s sE j H   

4

0

40
ˆj y

s zH e a
 

 
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Example – 6 (contd.) 

We know: . 0sH  4

0

160
ˆ ˆ

0 0 ( )

j ysz
s x x

sz

x y z
H j

H a e a
y

H y
 



  

  


   


But: 
0s sH j E 

4

2

0 0

160
ˆj y

s xE e a
  



4 4

2

0 0

160
ˆ ˆ10j y j y

s x xE e a e a
  

    812 10 /rad s  

(b) 4 4

7 8

0

40 40
ˆ ˆ

4 10 12 10

j y j y
s z zH e a e a

  

 


   

  

4 4

0

40
ˆ ˆ26.53j y j y

s z zH e a e a
 

      mA/m 



Indraprastha Institute of 

Information Technology Delhi ECE230 

Example – 7 

• In air, 𝐸 =
𝑠𝑖𝑛𝜃

𝑟
cos 6 × 107𝑡 − 𝛽𝑟 𝑎 𝜑

𝑉

𝑚
,  Find 𝛽 and 𝐻.  

You will need: 
2

ˆ ˆ ˆsin

1

sin

sin

r

r

a ra r a

A
r r

A rA r A

 

 



  



 
 
    

   
 
  

Let us first determine: 

1 1
ˆ ˆ( sin ) ( )

sin
rE E a rE a

r r r
  

 

 
  

 

2

2cos
ˆ ˆcos( ) sin sin( )rE t r a t r a

r r


 
        



Indraprastha Institute of 

Information Technology Delhi ECE230 

Example – 7 (contd.) 

We know: 
H

E
t




  


2

2cos
ˆ ˆsin( ) sin cos( )rH t r a t r a

r r


 
    

 
    

Now: 
7

8

6 10
0.2 /

3 10
rad m

c





  



7 7

2

1 1
ˆ ˆcos sin(6 10 0.2 ) sin cos(6 10 0.2 )

12 120
rH t r a t r a

r r
 

 
       


