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Stationary Loop in Time-Varying B (contd.)

Summary: .
[Vetmf = —j— dsJ

[v;r;f = §Edl
C

Its assumed that the
contour Cis closed path
¢ Approximation

[cfﬁﬁ:-!% ds]:> Lj(wE)ds__j_ ds}@%xﬁ:—%

[I’he time varying magnetic field induces an electric field E whose curl is

-

equal to the negative of the time derivative of B.
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Moving Conductor in a Static B (contd.)

* In general, if any segment of a closed circuit with contour C moves with a

velocity U across a static magnetic field §, then the induced
motional emf is:

(Only those segments of the circuit tha’D

[Vemf :cﬁ(ﬁxﬁ).aJ - cross magnetic field lines contribute to

C .
_ motional emf. D
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Moving Conductor in a Time-Varying B

For a general case of a single turn conducting loop moving in time-varying
magnetic field, the induced emf is the sum of a transformer emf and
motional emf.

[Vemf :Vetr:lf +Verr?1f ] [Vemf :_‘[86_;8"& +q.>(l_j><§)a J
S C

induced emf also equals: |V, - Y _drEGs
dt  dt?

Both expressions are equivalent and choice between
these two depends on the type of problem.
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Displacement Current

* You can recall that the Ampere’s law in . oD
differential form is given by:

—\ — - — oD —
* Integration of the above expression gives: [I(VX H )-dS =jJ. S+_[—.d5]
S

S

e Simplification gives: [CJSH dl = Iwmnduction Current]

* The second term has the unit of current because it is proportional to the

time derivative of the electric flux density D called the electric
displacement.
* This term is therefore called the Displacement Current, 1.

= )
oD — > oD .
[I —jJ ds = j— ds Ja = =, 1S called
displacement current

density ),
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Displacement Current (contd.)

 Therefore: |pH.dl = . +1,=1 | is the total current

—

. 9D
* In electrostatics, = = 0 and thereforeI; = 0and I =1I..

e The concept of displacement current was introduced by James Clerk
Maxwell when he formulated the unified theory of electricity and
magnetism under time-varying conditions.
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* Let us consider the following parallel-plate capacitor to understand the

physical meaning of displacement current.
Let us find I. and I

N 4=t
\J through each of the two
Imaginary imaginary surfaces: (1)
surface S .
+ ! \ cross section of the
vl : :
N Tnaginary conducting wire, S1; (2)
surtace S )
cross section of the

capacitor, S,.
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Displacement Current (contd.)

The simple circuit consists of a capacitor and an ac

_ [VS (t) =V, coswt ]
source given by:

We know from Maxwell’s hypothesis that the total current flowing
through any surface consists, in general, of a conduction current and a
displacement current.

- —

In the perfect conducting wire, E = D = 0; hence, I;4 = 0.

dv.
dt

As for I ., we know: [Ilc =C—=t= C%(V0 cosawt) =—-CV,wsin a)t]

With no dlsplac.emfent current in the wire, the total [|1= I, :—Cvowsina)t]
current in the wire is:

Now in the perfect dielectric with permittivity € between the capacitor
plates, 0 = 0.
Therefore, I, = 0 because no conduction happens.
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Displacement Current (contd.)
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cos wt

+ To determine I 4, we need to determine E in the E_g Ye_a Vo
dielectric spacing: S Yd 7V d

d is the spacing between the plates, and @, is the direction from the
higher potential plate to the lower potential plate at t = 0.

* Therefore displacement current in the dielectric is:

[|2d: {aa—tﬁ&] =) EZdz j{g(ay%\“coswtﬂ.(ayds)

A

[ l,, = —Z—AVOa)Sin ot =—-CV,wsin a)ﬂ

* It is apparent that the expression for displacement current in the
dielectric is identical to the conduction current in the wire.

* The fact that these two are equal ensures the continuity of the total
current flowing through the circuit.
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Displacement Current (contd.)

* Even though the displacement current doesn’t transport free charges, it
nonetheless behaves like a real current.

e Caution, in this example we considered the wire as perfect conductor
whereas the dielectric as perfect as well.

* In practice, none of them are perfect and therefore the total current at all
the time is sum of conductions and displacement currents.

Example -1
* The conduction current flowing through a wire with conductivity o = 2 X
107 S/m and relative permittivity €,, = 1 is given by I. = 2sinwt (mA). If

d
w = 10° & , find the displacement current.
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Example — 2

 (a) Show that the ratio of the amplitudes of the conduction current
density and displacement current density is ﬁ for the applied field E =

E, coswt, assume u = ugy. (b) What is this amplitude ratio if the applied
fieldis E = E,,e /",
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Maxwell’s Equations

* Generalized forms of Maxwell’s equations:

Differential Form Integral Form m

7.D = p, f l_)).%=fpvdv
S 1%
V.BE=0 fB g=0
S
. 0B o 3
RIS S 7@ E.dl:——jB s
; ot
S
— - aD - — - 65 —_
\7><H=]+E $ H.dl= [ (]+E).ds

Gauss’s Law

Nonexistence of
isolated magnetic
charge

Faraday’s Law

Ampere’s Circuital
Law



R

Information Technology Delhi

Indraprastha Institute of
P ECE230

Maxwell’s Equations (contd.)

Other equations that go hand-in-hand with — ——
Maxwell’s equations is the Lorentz force equation: [ F= Q(E +U X B)]

with Maxwell’s equations: ot

The concept of linearity, isotropy, and homogeneity of a material applies
to time-varying fields as well.
In a linear, homogeneous, and isotropic medium:

(D=cE=sE+B| [Bosufi=s(H+M)| [J=0B+pi]

The boundary conditions remain valid for time-varying fields as well.

~N

:EH —Ex :0] [(El—EZ)Xén :O] :ﬁu “Hy = K :(ﬁl—ﬁz)Xén :R]

Continuity equation is another that is closely associated [Vj apv]

5. 0.0) 0087 5. (58149

However, for a perfect conductor in a time-varying field:

[Ezo, H=0, f=0]_[§n=o Etzo]
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* Electric field intensity throughout an enclosed region of free space is
E, = A(sin20x)(sinbz){sin(12 X 10%)}%. Beginning with the V X E

relationship, use Maxwell’s equation to find a numerical value for b,
assuming b > 0.



R

Indraprastha Institute of
P ECE230

Information Technology Delhi

Time-Varying Potentials

For the static EM fields, the electric scalar potential was [V B pvdv]

expressed as: J4zeR
Whereas, the magnetic vector [K Iﬂjdv] Let us examine, what

: . = happens to these potentials
potential was expressed as: " 47R when the field vary with

time.
Recall that, A was defined from the fact that V. B = 0, which — —
still holds for time-varying case. Therefore: {B =Vx A]
~ 0B

We know from Faraday’s Law: |VxE= e

—~ .
Therefore: [VxE:—E(VxA)] ———————> Vx[ o

We know, that the curl of the

gradient of a scalar field is zero: [E+%——VV] —> [E_—VV _G_AJ

V X —=VV =0, therefore:

mj
_|_
o))
|2
N—
I
(@)
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Time-Varying Potentials (contd.)

[Thus we can determine E and B provided V and A are known.]

 However, determination of IV and A require expressions that are suitable
for time varying fields.

* We know that 7. D = Py, is valid for time-varying conditions. We can write:

[V.E:%:—VZ\/——(VA)] ) vyl ( R)=-£2

&

- = = 0 oA — - 0E
 Furthermore:| VxVxA=VxB=uJ+ us—|-VV —— VxH=J4+¢—
[ TrRT A “gat( 6tj] -[ 6t]

- oV 0% A
VxVx A= J &V —_—
Hem s (6tj ar J

2
[VZA—V(V.A) =—ud + ygV(%—\t/)+ ,LIEM
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Time-Varying Potentials (contd.)

We know that a vector field is uniquely defined when its curl
and divergence are specified. The curl of A has been [vlﬂz_ﬂga_\/}
t

specified as §, therefore the divergence for A can be
expressed as:

This expression relates V and A and is called
Loretnz condition for potentials.

— oV — %A _
Therefore: | V.A=—us— V2A- ue—"=—4J

[ s 8*-] [ o “]
\

|
EM Wave Equations

Lorentz condition uncouples and also creates symmetry between V and
A and therefore aid the analysis of wave equations.
Actually, V and A satisfy Poisson's equations for time-varying potentials.
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Time-Varying Potentials (contd.)

* From those expressions, it can be deduced J
[V:j[fv]dv] %I”[J]dv]
7eR " 47R

that the solutions for IV and A are:

v

Where |py] and [7] are the retarded values. The respective V and

A are called the retarded electric scalar potential and the
retarded magnetic vector potential. )

\_

* It means that the time t in p,(x,y,2,1t)
or f(x, v,z t) is replaced by retarded [t'zt—E]
time t’ given by: -

* Where, R = |7 — 17’| is the distance between the source point ' and the
observation point 7.

e Whereas: |U __1 || wisthe velocity of wave propagation. In free space,
' @ = ¢ = 3 X 108 m/s is the speed of light in vacuum
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Example — 4

 Show that another form of Faraday’s law is: E :—%t—A

where 4 is the magnetic vector potential.
— 0B _ . = 0 — oA
- — VxE=——|VxA|=VXx| —
[.-.E:_% J
ot
Example -5

* Assuming source free region, derive the diffusion equation:

— OE 0°E
V%E = uo— + ue
H ot H ot?
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Time — Harmonic Fields

e So far, our time dependence of EM fields have been arbitrary.

* Let us consider the specific scenario where the fields are time-harmonic
<> Generally, time-varying electric and magnetic fields and their sources
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(p, and f) depend on spatial coordinates (x, y, z) and the time variable t.
However, if their time variation is sinusoidal with angular frequency w,
then these quantities can be represented by a phasor that depends on
(x,v,z) only.

* Time-harmonic field is one that varies periodically or sinusoidally with
time — Sinusoidal analysis is of practical value = This can be extended to
most waveforms by Fourier analysis.

* Sinusoids are easily expressed in phasors, which are more convenient to
work with.

* A phasor is a complex number that contains the amplitude and phase
information of a sinusoidal oscillation.

[z:x+ jy:r4¢] ‘ [zzrej¢:r(cos¢+ jsin¢)]
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Time — Harmonic Fields (contd.)

* The two forms of  To introduce the time element, we let:
representing z are

illustrated below:

p=at+0 |

where, O may be a function of time
\w rad/s or space coordinates or constant

F

[Re(rej¢ ) = rcos(wt + 6’)]

~

[ re’ =re¥re)
7

|
I
|
|
|
I
|
. [Im(re ) rsm(a)t+9)]

0

* Thus a sinusoidal current I(t) = Iycos(wt + 6) equals the real part of
Ioejeejwt.

* The current ['(t) = Iysin(wt + 8), which is the imaginary part of
I,e/%e/®t can also be represented as the real part of [e/%e/®te =790

* However, be consistent while representing the real and imaginary part of
a quantity.
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Time — Harmonic Fields (contd.)

* The complex term Ioej9 which results from dropping the
time factor e/“t in I(t), is called the phasor current,
denoted by L.

* Therefore I(t) = Iycos(wt + 6) can be expressed as: [I (t) = Re(lsej“’t)]

[|S =1,e% = |049]

* In general, a phasor could be a scalar or a vector.
* If a vector A(x,y,z,t) is a time-harmonic field, then the = —
e re . A:Re(Aser)]
phasor form of A is A.(x,y,z); the two quantities are
related as:

* For example, if A = Ay cos(wt — Bx) a,, then we can express A as:

[K: Re(Aoe_jﬂX Jwt) Re(A ejwt) ] Where: [_As = Aoemxéy]

A - i As
* Notice that: [%—)ja)AsJ e Similarly: [A@t—) ]

ja)




Information Technology Delhi

1D

Indraprastha Institute of
P ECE230

Time — Harmonic Fields (contd.)

* Time-Harmonic Maxwell’s equations assuming time factor e/t

Differential Form Integral Form

V.Ds = pys f Bs-£=fpvsdv
S v
V§S=O i BS s=0
VXES=—]w§S f E')S.Jl ——]wjﬁs_s
L
S
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Example — 6

- -

* Given A = 4sinwtd, + 3coswta, and §S = j10ze /%@, express A in
phasor form and §S in instantaneous form.

A=4cos(wt —90°)4, +3cosotd, Emmmmm) A=Re| 4e/*4, +3e/4, |
S A= Re[(4e-19°°ax + 3éy)ej“’t] — ©As=4e74, +38 =-jda, +34,
B, =10ze "4~ mmmmm) B, =10z¢/e 74

B= Re[ﬁse"ﬂ - Re [1Oze"(”t‘”9°°)éx} ’\

e

-.B=10zcos(awt —z+90°)a, =—-10zsin(awt — 2)&,
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Example -7
* The electric field phasor of an EM wave in free space is:
Es(y)=10e "4, v/m

Find (a) w such that ES satisfies Maxwell’s equations.,
(b) the corresponding magnetic field ﬁs.
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Introduction — EM Wave Propagation
* Let us consider the Maxwell’s equations in free space (i.e., p, = ] = 0).

S G (P O

* First equation states that: If Eis changing with time at some point, then

H has curl at that point; therefore H varies spatially in a direction normal
to its orientation direction.

e Also, if Eis changing with time, then H will in general also change with
time, although not necessarily in the same way.

* Next we see from second equation: a time varying H generates E, which
having curl, varies spatially in the direction normal to its orientation.

* We now once more have a changing E, our original hypothesis, but this
field is present at a small distance away from the point of original
disturbance.

Clearly demonstrates the propagation of Electric and
Magnetic field and in turn transfer of energy.
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Introduction (contd.)

* The velocity with which this effect moves away from the original point is
the velocity of light.

* We postulate the existence of uniform plane wave, in which both fields

E and ﬁ, lie in the transverse plane - that is, the plane whose normal is
the direction of propagation.

A uniform plane wave is characterized by electric and
magnetic fields that have uniform properties at all points
across an infinite plane.

A plane wave has no electric or magnetic field
components along its direction of propagation
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Introduction (contd.) Spherical

Radiating wavefront
/\antenna _t /
For example, a wave produced by a localized \, - _ ‘x/

source, such as an antenna, expands outwardly ! s

in the form of spherical wave. <

Uniform plane wave— N ¢ 2

o T g
\ / RS - - ’\
/ v
“ L Y \
‘\ \\ \‘ i
< / vy Vo Aperture
-~ \\ “ i i [ | /
1, | 1 .
X — 1= ' I = Observer However, it looks a part of a
7 . .
-t 0, P uniform plane wave, with an
! i . . .
- ;v ) 0] identical properties at all
V4 . .
! ) ! points in the plane tangent to
N R the wavefront, to an observer
)
’ very far.
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Introduction (contd.)

When a wave propagates through a homogeneous medium without
interacting with obstacles or material interfaces, it is called unbounded
and when a wave propagates along a material structure, it is called
guided.

Earth’s surface and ionosphere constitute parallel boundaries of a natural
structure capable of guiding short-wave radio transmission in the HF band
(3 to 30MHz).

Ionosphere ez
Transmitter Indeed, the
ionosphere is
a good
Earth's surface reflector at HF

band.
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“Introduction (contd.)

| LA
L1

Similarly, a transmission line
such as coaxial can guide a
wave. For example, whenanac %
source excites an incident Yz(™\/
wave that travels down the
coaxial line toward the load.
Unless the load is matched to the line, part (or all) of the incident wave is
reflected back toward the source.

At any point on the line, the instantaneous total voltage v(z,t) is the sum of the
reflected and incident waves, both of which vary sinusoidally with time.
Associated with the voltage difference between the inner and outer conductors

Rg

is a radial electric field E(z, t) that exists in the dielectric material. E(Z, t) isalso
sinusoidal as v(z, t) varies sinusoidally.
Furthermore, the current flowing through the inner conductor induces an

azimuthal magnetic field H(zt).

The coupled E(z, t) & ﬁ(z, t) constitute an EM field and models the wave
propagation on a transmission line.

So, propagation can be talked in terms of v(z,t) & i(z,t) or E(Z, t) & H(zt).
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Wave Propagation in Lossy Dielectrics

* Let us develop formulations for wave propagation in lossy dielectrics — it
provides the general case of wave propagation.

* A lossy dielectric is a medium in which an EM wave, as it propagates,
loses power owing to imperfect dielectric.

* In other words, a lossy dielectric is partially conducting medium
(imperfect dielectric or imperfect conductor) with o # 0, as distinct from
perfect dielectric in which o = 0.

e The Maxwell’s equations in a linear, isotropic, homogeneous, lossy
dielectric medium that is charge free is given by:

[The time factor e/®t has been suppressed in above expressions.]
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Wave Propagation in Lossy Dielectrics (contd.)

Take c
[Vx Es=—jouHs| both S|des
VxVx [ :—ja),u Vx H

&E) % Es——Ja),u a+ja)5 Es

= V’Es - jou(o + joe)Es =0 »[VZES —72Es =O] Where, [7/2 = jou(o + ja)g)]

)

[y is called the propagation constant e

 We can similarly find expression for magnetic field: [Vzﬁs —y?H.s =O]

* These expressions are called vector Helmholtz’s equations.
* In cartesian coordinates, for example, each of these two vector
equations are equivalent to three scalar wave equations - one for each

- —
components of Eg or H along a,, a,, and a,.
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Wave Propagation in Lossy Dielectrics (contd.)

0°E, O0°E, O°E 2 o°H, ©0°H, 0°H 2
aXzsx 4+ ayzsx + - 2sx =y Esx aXZSX + ayzs.x + pn st =y HS
0°E,, 0°E, ©O°E o°H, 0°H, O°H
2Sy + 2Sy + 2Sy = 7/2Esy 2Sy + 2Sy + 2Sy - 2Hs
OX oy 0z OX oy o/
2 2 2 2 2 2
aa Ezsz + a85252 + aaEzsz — 7/2 Esz aastz aastz + aastz — 2Hsz
X Z X y Z

4 The component fields of any time-harmonic EM wave must )

individually satisfy these six partial differential equations. In many
cases, the EM wave will not contain all six components. An example of
\ this is the plane wave. y
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Wave Propagation in Lossy Dielectrics (contd.)
* |If we assume that the wave propagates along +d, and

[Es =E,(2)4, |

that ES has only an x-component, then:

* Substitution of this into Helmholtz equation results in: )Exs(z) 0 ]

E,(D), FE() (Z)\? .

oy ) o
/

d2
* Hence: ({——yz}Exs(z):OJ—» Scalar wave equation

- It is a linear homogeneous differential

: L E.(z)=E;e” +E,e”
equation whose solution is:

 Where, the first component is the wave propagating in +z direction and
the second term is the wave propagating in —z direction.
* We assumed, wave only propagating in +z direction. Therefore, E, = 0.
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Wave Propagation in Lossy Dielectrics (contd.)

Since y is a complex

quantity, we can {7/:a+ j,B] » yi=a’-p*+2jaf = jou(o + jwe)
express it as:

Simplification gives: [Re7,2 =% — B? :_wzﬂg] - [ﬂ2 —a’ = a)zyg]

Furthermore: [‘72‘ = 2+ 0’ = oo’ + w'e’ ]
4 )

From the above > g > A
two expressions we o =w '“_‘QNp{i} _1} P=w %‘{\/1{&} +1
can obtain: 2 JAN

Therefore the simplified solution of wave

. ' E 7) = E+e—7/z _ E+e—(a+jﬂ)z ]
equation is: [ () =E; 0

Inserting the time factor in the

E(z,t)=RelE. (z)e!*a | = Re{E'e “%ei®F14
solution yields: (2) { o(2) X} { 0 x}
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Wave Propagation in Lossy Dielectrics (contd.)

E(z.t)=Re{E,(2)e’"4, | =Re{Eje e/ 774, |

P / /An electric field with an x-)
G m \\\\\ component traveling in +z
/ 2 directionatt = 0andt =
\ ////////’/ At; arrows indicate
> instantaneous values of

v \_ Electric Field. )

e It is apparent that as the wave propagates along +a,, it decreases or attenuates
in amplitude by a factor e” %%, and therefore a is known as the attenuation
constant or attenuation coefficient of the medium - It is a measure of the
spatial rate of decay of the wave in the medium, measured in nepers per meter
— For free space, 0 = 0 and therefore « = 0 - the wave doesn’t attenuate in
free space.

* The quantity [ is a measure of phase shift per unit length in radians per meter
and is called the phase constant or wave number.
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Wave Propagation in Lossy Dielectrics (contd.)

* The solution for magnetic field is: | H(z,t)= Re{H* azel(wt—ﬂz)éy}
. , _ n is a complex quantity known as the
' _ intrinsic impedance of the medium.

Ja)_ﬂ J Derive it !

o+ Joe

jzr [tan 26, =i] 0< 6, <45°
&

 Therefore the magnetic field expression is:

e azej(a)t ,Bz)a } ‘ E_I(Z t)_

It is evident that E and H are out of phase by 0,,.

|E °|e “cos(awt — fz - Hn)éy]
n
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Wave Propagation in Lossy Dielectrics (contd.)

In terms of [, the wave velocity u and @
wavelength A are: B

Furthermore, the ratio of the magnitude of conduction current density fc

to that of the displacement current densityfd is:

. _ )
Jcs ‘O‘ES o s
‘jds ) ‘j(()é‘Es } e =tn?

J

tan@ is known as the (lossless or perfect)

loss tangent and 0 is the dielectric if tanf is very _

loss angle of the medium. small (0 < we) ora

\_large (¢ » we)

good conductor if tanf is

/ Amediumis good ™\

J




Indraprastha Institute of
P ECE230

Information Technology Delhi

R

Wave Propagation in Lossy Dielectrics (contd.)
* In general, for propagation of wave, characteristics of any medium
doesn’t only depend on the parameters g, €, and u but also on frequency

of operation.
* A medium that is regarded as good conductor at low frequency may be a

good dielectric at high frequencies.
* We have:

e From definition of o . AT
[tan 20, :_J From definition [i:tane ]

intrinsic impedance: WE of loss tangent: | we

e Therefore:

 Furthermore: [Vxﬁs :(g-}- ng)EsJ -[Vxﬁs = ja)g[ _J_O-}Es]
wE

{:vXﬁszja)gCEs] A— gcz{ —J—G}
&
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Wave Propagation in Lossy Dielectrics (contd.)

"/

gczg[ _j_"H —) | 5= e

&
g'=¢
. is called the complex permittivity of
the medium.
A Im €,

* The loss tangent is:

[tané?zg—' :iJ
& &

E.ff
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Example — 8

* If the magnetic field phasor of a plane wave traveling in a medium with
)e_j4‘xm_A
—.

intrinsic impedance n = 100Q is given by ﬁs = (10&y + 204,
Find the associated electric field phasor.

* |tis clear that the wave travels in x — direction.

e Therefore:

Es = —n(ay X ng\

E; = —100[a, x (10d, + 208,)]e /** x 1073

» Ey= (-8, + 28, )¢/
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Example -9

* In the previous example, determine the electric field if the magnetic field
.. = A — ; mA
is given by H; = d,(10e /3% — 20913’5)7.

* This magnetic field is composed of two components, one with amplitude
of 10 mA/m belonging to a wave traveling along +a, and another with
amplitude of 20 mA/m belonging to a separate wave traveling in the

opposite direction —a,.. Hence, we need to treat these two components
separately.

o= H,. +Hy, = a,10e-3 M _5 50essx ™4
S 1s 2s y m y m

e Then use: E’S = —n(@, X 1?1’5)

-

wEg=a,(e /3 + Zej?’x)%



