ECE 215

Lecture — 4 Date: 08.08.2017

e Second-Order Circuit



Second-Order Circuits

A second-order consists of resistors and
the equivalent of two energy storage
elements and is characterized by a
second-order differential equation.

Analysis of such circuits require understanding of
: : dv(0 di(0
v(0), i(0), v(w), i(0), /4, and O/,

v denotes capacitor voltage, while i is the inductor current.

e Two key points:

e carefully handle the polarity of voltage v(t)
across the capacitor and the direction of the
current i(t) through the inductor.

« the capacitor voltage is always continuous
[v(07) = v(07)] and the inductor current is
always continuous [i(07) = i(07)] .
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Example-1

A _!"D:jﬁ | The switch in this figure has been closed for a long
g S s time. It is open at t = 0. Find: (a) i(0%) and v(01),
12V ijj = 01F==y di(o*) dv(0™) _
-0 (b) “*/ 4, and /at » (€) i(e0) and v(e0).

(a) If the switch is closed a long time before t=0, then essentially the circuit has
reached dc steady state at t=0.

At dc steady state, the inductor acts like a _ﬁjﬁr R S o
short circuit, while the capacitor acts like an L
open circuit. 12v (* 203
12 a
0)=75724A v(07) =2i(07) =4V 0
The inductor current and the capacitor voltage (07 =i0")=2A

cannot change abruptly and therefore:
5 Pt v(0)=v0)=4V



Example — 1 (contd.)

4Q ! 025H
(b) At t=0%, the switch is open; the MM———

. . . . + —
equivalent circuit will be as shown. L

mv(i) 0.1F =

| = +

The same current flows through both the
inductor and capacitor.

i-(07)=i0") =2A

dv _. dv i dv(0*) i.(0") 2
Now: C—=1 - — == | > =C = =20V /
Moo e dt C dt C 01 °

di '
Furthermore, L—=Vv, - ﬂ_ Vi

dt dt L

From KVL: —12 4+ 4i(07) + v, (07) + v(07) =0 E::$>IHJU+J== 2-8—-4=0

T a s ' {:}+
di(0 J:LL( ): 0 — 0 AJs
dt L 0.25




Example — 1 (contd.)

(c) For t>0, the circuit undergoes transience. 4Q

But as t = oo, the circuit reaches steady state W
again. The inductor acts like a short circuit and A
the capacitor like an open circuit. 2v ()

o

(o) = 0 A, v(oo) = 12V




Example — 2

For this circuit, determine:

4'>{;:=0

!

<+

6 Q
(a) i(OJr) and V( +)-’ 12v (%) li
(b) di(0* )/ drand av(0* )/ d . -
(c) i(oc)and v(e0). |
R 25kQ 20 kQ
Example -3 AW e i
60 k€2

For the given circuit, determine:

3()\1@)
() i, (07). i, (07). and i (07).

(b) dip(07)/dt ., di, (07)/dr . and di.(0°)/dt .
(¢) i (oo)j I (oo)_, and i, (OO)
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Example - 4 o e b
+ UC p— ZF
For the given circuit, determine: "H_§ e (P una - ® 10v 3 sH
@ 7,(07). v, (0" Jand v, (07),

(b) di, (0% )/ dr, dv (0% )/dr,and dv, (0" ) d .

(c) i (), v, (e0)and v, (o)

Example -5

For the given circuit, determine: 30 0.25H
AW 2112

() v(0+) and i(O*)j + E |
(b) av(07)/dr and di(0" )/ d. M E 01F =
(¢) V() and i(0).
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Source Free RLC Circuit

. .  The circuit is being excited by the energy initially

AMAA——TTT stored in the capacitor and inductor.
b | * The energy is represented by the initial capacitor
ﬂ) V= C voltage V, and initial inductor current .
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KVL around the loop
di

[ [’ | d’i R di i
R‘+L—+fj (T)dT = 0 e+ —— 4+ —=0
TR a T o) T — a2 L di | LC

a second-order differential equation ]\_/
Subst|tut|ons/  solution of the form: i = A¢”
A 2 st AR st
As e + S¢
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St o I




Source Free RLC Circuit (contd.) characteristic equation
of the differential

2 4 K + l ) 0 |:> equation
) —s +— =
L" " LC

=1

* Initial values of current and its R 7R\ |
derivative can be obtained from: §1 = Y + \(i) “Ic
i(0) =1

) Lk .-(E)E_L

Furthermore, from KVL: o 2. V\2L LC
1i(0 . .
Ri(0) + L. Lr ) Vo = 0 A more compact form:

‘ 51 = —a + v::xg—w%.

\/
l 55 = —a — Va* — o}

di(0) 1 [ _ R ‘ ]
= ——(RIp + V) “ T H o
dt g o™ Vo 2L




Source Free RLC Circuit (contd.)

* s, ands, are called natural frequencies.

* wq is known as the resonant frequency or strictly as the undamped natural
frequency.

e «isthe damping factor.

2 H_ ] _ 2 . _ 2
P+ TS+ o=0 ) 57 + 2as + wj =0

The two values of s indicate that there
are two possible solutions for I.

1'.;1 — ‘.41()";]?‘. 1;2 — ‘42()'312{

Original equation

). . . linear equation and therefore any
d=i R di [ . i ) i ..
—+——4+—=0 linear combination of the two distinct

dt* L dt LC o o .
solutions i; and i, is also a solution

.1'.{3‘) — 4‘41{)5”‘ + Az(,_,.‘i:f

constants A, and A, are determined
from the initial values i(0) and *%/ . V




Source Free RLC Circuit (contd.)

* three types of solutions possible:

l. If @ > w,, we have the overdamped case.
2. If @ = w,, we have the critically damped case.
3. If @ < wq, we have the underdamped case.

Overdamped Case(a > wy): C > 4L/R? r\

Leads both roots s; and s,
to be negative and real

1) A

E(f) — A]ES'I + Age’szr

decays and approaches zero
with increase in t. /\

~




Source Free RLC Circuit (contd.)

Critically Damped Case(a = wg): C = 4L/R°

R . _ _ _
\_} 1=, =-a=-_r ) (1) = A Y+ A V= Az ™

A3 :Al +A2

Not a solution as two initial conditions can’t be satisfied with single constant.

Therefore, the assumption of an exponential solution is incorrect for the special
case of critical damping.

_ _ R/ .
* Fora= wy="/y:

-~

d<i di - _ d ([ di di
+2a—+a%i =0 ‘——Jr '+ a|l+ai|=0
dr’ Hﬂ"?‘ “ dt (u’.‘f‘ m) ar(.-:f?‘ m)
. di . df \/ a first-order
Let: /= + ai |::> — + af=0 . : :
dt dt o differential equation

with solution




Source Free RLC Circuit (contd.)

vt

e Solution of the form: f= A, .

di di .
—+ ai = Aje ™ I:> e ! + e%ai = A, I::> {—I{y‘“f} = A,

dt ar dt

f;-l‘:t'fl; — ,Lil,lr _|_ ‘42 J
Integrate

[f = (At + Ay)e™ ™ ]

- . -1
reaches a maximum value of ¢ /yatt = 1/,
MnhlLR one time constant, and then decays to zero.

i(f)

-




Source Free RLC Circuit (contd.)

Underdamped Case(a < wg): C < 4L/R*

. 5 5 . Damping Frequency
s1= —a+ V—(oyg—a)=—a+ jo,

4 7 ¥ ¥ .
S = —a— V—(owj —a’) = —a — joy

"o — (@ — jo)t —(a + jwg)t
i(f) = Aye” "9 4+ Ao T
—at o gt — jw gt
= e YA/ + Are /)

< i(r) = i?_“.r[;‘:‘l”CDHLH(‘FT +jHil’1 wylf) + A>(Cos wyt —jh’i[l wyl)]
— (?_“I[(A| + A:) COS wyl + JJ{A| — A») sin {U{ff]

i(f) A \

»\/_\ qqqqqqqq Natural response for this case is
AN exponentially damped and
0 A _
\/kz_,, T r oscillatory in nature.
L= | W, |

.

=
Wy = Wy — O,



Source Free RLC Circuit (contd.)

Once the inductor current i(t) is found for the RLC series circuit, other circuit
guantities such as individual element voltages can easily be found. For example,

. : : : .o di
the resistor voltage is v = iR and the inductor voltage is Ld—;.

* The behavior of such RLC network is captured by the idea of damping, which
is the gradual loss of the initial stored energy, evidenced by the continuous
decrease in the amplitude of the response. The damping effect is due to the
presence of resistance R.

* By adjusting the value of R, the response may be made undamped,
overdamped, critically damped, or underdamped.

* Oscillatory response is possible due to the presence of the two types of
storage elements. Presence of both L and C allows the flow of energy back
and forth between the two.

it is difficult to tell from the waveforms the difference between the
overdamped and critically damped responses. The critically damped case is
the borderline between the underdamped and overdamped cases and it
decays the fastest.



Example — 6

R L
ANAA—TIT o
A In this circuit: R=40Q, L=4H, C=1/4F. Calculate the
q " characteristic roots of the circuit. Is the natural
i Vot C .
_ response overdamped, underdamped, or critically
damped?
Example — 7 1
The current in an RLC circuit is described by: ? - ](’J§+ 25i=0
it- It

If i(0)=10 and di(0)/dt=0 then find i(t) for t>0.

Example -8

The differential equation that describes d’v _dv |
. . +5—+4v =10

the voltage in an RLC network is: dt’ dt

Given that v(0)=0, dv(0)/ dt =10, obtain v(t).



Example -9

If R =20Q, L =0.6H, what value of C will make an RLC series circuit:
(a) overdamped,

(b) critically damped,

(c) underdamped?

Example - 10

For the following circuit, calculate the value of R needed to have a critically

damped response.
P P 60 Q

"‘xfﬁxfﬁ'-. r

R 001F 4§

A —n




Example - 11 3082 A _o
ANAN——— 4 H
3

The switch in the circuit moves L
from position A to position B at B

_ . I/-d_+ + {t:-
t =0. Find v(t) for t > 0. 20V \—\) 0.25 F == v(n S

Example — 12
Ve (f) =30—-10e¢ +30e 'V

The responses of a series RLC circuit are: . |
i, (1)=40e7" —60e """ mA

where v. and i; are the capacitor voltage and inductor current,
respectively. Determine the values of R, L, and C.



